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Renormalisation Group improvement

RG is a way to encode quantum corrections in coupling constants

so that tree-level description can be sufficient

application to cosmological (and astrophysical) settings

inclusion of QG effects in (high energy) processes
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Few useful concepts about RG improvement a /a Wilson

wise choice of scale k =-  tree-level description

BUT

in general, momentum scales are not conserved
over a curved manifold

=  we are forced to assign x-dependence to k

= coupling constants acquire x-dependence too
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Another concept worth being recalled:

Renormalisation Group
improvement

EFT at scale k = integration of modes p > k

effects inside radius are already encoded in the effective action
(no need to consider them when dealing with fluctuations)

fluctuations of couplings outside radius are not encoded
0g o< 6k must be taken into account!
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Several ways to implement RG improvement:

Renormalisation Group
improvement

» EXTENDED IMPROVEMENT

consider couplings as “external fields” in the action

_ 4
FE,.,_ 161 G /dX\/ R

when varying the action one gets additional terms

1
R/u/ - Eg/U/R -G (vuvn - gp,l/vz) Gil = 87TG7—}1.1/



RESTRICTED IMPROVEMENT

neighbourhood Z of event A = ka, action Iy

EOM in 7 read Guy =8TGaTH,

iterating for each event x gives

Guy = 8mG TS,

with the additional x-dependence carried by k(x)
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Gravity (minimally) coupled to scalar field ¢

R
rk[g,¢]=/d4XVTg[ 167G, + VM¢V“¢+ Vi(9)

and the potential is polynomial

Vi(¢) = Z Aoi ¢!
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Equations of motion

Gl“/ = 87T Gk T/,Ilfl/ RG-improved cosmology
O¢ = Vi(e)
where

1
Tiw = VudVo = 580V ,0V"6 = Vi(0)

Last ingredient is the definition of function k(x)
defined implicitly using conservation laws



Diffeomorphism invariance of each action gives conservation laws

V,GM =0
V, T, =0

while EOM give the overall conservation

Vu(6T™)=0 =  V,GT™ -G V'V(¢)|,=0

New constraint = equation for k(x)
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k-constraint

(VH In k) T RG = (V” In k)VVRG

RG-improved cosmology

where
_ 0InG _ Bg
|G Bk T ¢
aan aei i
Vha = i VZ(@ (4— )X )k ¢
being



Fixed point regime

imposing FRW symmetry

e - 876 <;¢2+ v)

3

H = —4xG¢?

¢ = —3Hp—V

P2 = —2 (1+m)v
IRG

UV fixed point =  G(k) ~ G*, N\i(k) ~ X!

1

H 1 1
—_ == where o=

VRG
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Ansatz H=a/t , ¢o=¢/t , k=x/t

Fixed point regime
8rG (1-
2 2 2
= =2 (:z v
a 3 <2¢ + X )
> _ ¢*
Y = - e )
2 (1 + ﬂR,G) v
XX = - ¢ -
2(1+ma) ¥
NRG

where V = k~*V is a function of ¢ only



MONOMIAL POTENTIAL

V(¢) = A ¢n
_ 4—n
“ 3(2—n)
. 1 ( 4—n >
X7 2ok \122- e
, 1 < 4-n >45"
p: = = =
(2—=n)A, \12(2 — n)7G

#n suchthat a>1

no viable inflationary solution
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REMARK:

Fixed point regime

» « does not depend on the FP values of couplings

~.2—n

» ¢ only depends on the “dimensionless” combination A, G 2

» x depends on a “dimensionful’ combination

general feature of solutions, maybe because H and ¢ are physical
while k is only a RG parameter?



TRINOMIAL POTENTIAL

V() = Ao + A2 ¢ + \g ¢*

oo Dethed
30h — Jud®) 20 — Jud®)

and (5 is given by

127G \ ¢?

5\0*5\4(54: ! (2)\0+5\
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Redefining FP values of couplings into
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hh = 5\0/5\4 and = 5\2/5\4
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as computations generally give G = O(1)

[m] = =




Quasi-classical regime

G

1.0
0.8
0.6
0.4

0.2

0.4

long-lasting phase of almost classical evolution, trajectory close

to Gaussian fixed point
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vicinity of Gaussian FP = small couplings

linearised 3 functions:

Quasi-classical regime

36 - ~ 3N
. = —— _2RQ = o, o
ﬂ/\ Ar 6)\2 2 g2
ﬁa = 2G 55\4 =0

[Narain & Percacci '10]

linearised flux can be integrated analitically

- _ - 3 -
— 4 _ 2
NK) = At GKY M) = Ro—ppshak

Gk) = G (k) = A
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GFP means vanishing nra =  k-constraint implies vrg = 0

for trinomial potential

Quasi-classical regime

k(t) =2/ X4 (1)

field equation can be written in a closed form

2 fort (1 g e (1 ) het) =
,2(/_\2+2( —%);\4(252) b

and studied in the phase space
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Kinetic-dominated phase:

9(¢) = b eV127C

Potential-dominated phase: Quasi-classical regime

B0 = - [52 (1- ) Meo

Attractor solution ¢(q§) = —A¢p



“classical threshold” ¢

At =GAio" Ja(d) = Xo-
G(¢) = G Aa(0)

Il
>
£

b1 = min {po, P2}

/—\ >1/4 . ¢ _(4-71_2}2)1/2
2 ’ RNEIDY:

-

w3
)
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Quasi-classical regime



Autonomous system analysis

X =

dx
dN

dN
dz
dN

define dimensionless variables

Kp . _ rVV . _ Vv _
\/6¢H’ y="'%5" z=2 (/ﬂ:— 87TG>

[Copeland Liddle & Wands '98]

3 1 dlink

_ 32 Z 2 - -
= 3x(1-x%)+ \/;y Z+ SXNRG N
3 ) 1, dlInk

= \/;Q’Z?’X y+ EY(’IRC}JFVRG)dT

1 dlInk
= ~VBx(n(a) = )+ 7 (e~ + 0w

dN

[Hindmarsh Litim & Rahmede '11]

. _ ) _ V//
being IRG = “Fink ; n(z) = =y
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new terms can be rewritten as

dink 1 aRg\F )
dN _aRG VRG 2XZ+3X

where

o :1 + v filn _IRG
RG = 5 |IRG TVRG — 5 re

and it follows that

x:qull—kmj”—G ; y:,/—nR—G
VRG VRG
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IS RG FP REGIME A COSMOLOGICAL FIXED POINT? Adriane Contile

remember that vgg(¢) = const

» monomial potential V(@) = A, ¢"
1 1
= 4 —n ' y= 4 —n ' 2= 2 x

» trinomial potential V(¢) = Ao + A2 ¢? + Aq ¢*

Autonomous system

So—Radt (R0 + Rad? + gt
25\0 + :\2(232’ 2;\0 + 5\2(52

Ao + 20402
z

a VorG Xo + Xod? + Aagp®
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AND WHAT ABOUT QUASI-CLASSICAL REGIME?

Autonomous system

direct evaluation shows that for ¢ > ¢ and A < ¢

81 4

Xlate = —\/ 5 > Yate = 17 Zlate =~ —
3 ko Ko

and notice that H oc ¢? = k o< H
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comoving gauge T =0 = 6¢p=06k=0

spatial part of the metric can be written g; = a%(7)e 2R4;

Cosmological
fluctuations

second variation of the action gives

(2) 1 4 "2 2 9"2
=3 [ (- oup+ )

where 0 =ap/H v=060R

in fixed point regime 6 o< 1/7

2
" 2
+(pPP—5)w=0
Yp <p 'rz> Y
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same form as in standard de Sitter background, solution is
pT—i _;
Vp = ——e P7
pT

Cosmological
fluctuations

hence, as 7 — 0 from below (late times)

1
2 1
ol pry

and power spectrum of curvature perturbations can be written

1 (1-3x2)2 H?

= 2 2 2
247 X mg,

Pr(p)



power spectrum (assuming « >> 1) in terms of couplings

Pr ~ 3—3,27'(6;3(;’;2(25\0 + :\2(52)

Pr < 1 can only be achieved if n ~ —=2,/ry
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tensor power spectrum
Pp == 2G2(2X0 + Aag?) (—p7)""

2
where np = ——=
o—1 Cosmological
fluctuations

smallness parameter §

27:\4 4 (_pT)nT

16
Phr~ 3

so that tensor-to-scalar ratio

_ Pulp) ~,  /8X n
r= Pl =\ wex CPT)T
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» Exact Renormalisation Group technique indicates that
gravity may be asymptotically safe, even with the inclusion
of matter fields, like the scalar field considered here Conclusions

» Fixed point regime of the RG trajectory triggers a phase of
power law inflation in the early universe dynamics, and then
smoothly approaches classical dynamics at later times

» The vicinity of the trajectory to RG fixed points causes the
appearance of cosmological fixed points in the autonomous
phase space analysis

» perturbations lying inside the RG length scale can be treated
in the standard way and give predictions for the primordial
power spectra, as functions of the fixed point values of the
couplings



Ongoing work
* Widening of the truncation, with the inclusion of all
operators of canonical dimension d < 4

* Numerical study of cosmological evolution, in order to
achieve a complete cosmological history

* Production of more realistic predictions for observable
quantities, like power spectra
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