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few thoughts about the concept of RG improvement

Plat principal

RG improvement of scalar field inflation

Dessert

ripe conclusions and juicy prespectives
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Renormalisation Group improvement

RG is a way to encode quantum corrections in coupling constants

so that tree-level description can be sufficient

application to cosmological (and astrophysical) settings

⇓ ⇓ ⇓

inclusion of QG effects in (high energy) processes
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Few useful concepts about RG improvement à la Wilson

wise choice of scale k ⇒ tree-level description

BUT

in general, momentum scales are not conserved
over a curved manifold

=⇒ we are forced to assign x-dependence to k

=⇒ coupling constants acquire x-dependence too
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Another concept worth being recalled:

EFT at scale k ⇒ integration of modes p > k

k-1
x

effects inside radius are already encoded in the effective action
(no need to consider them when dealing with fluctuations)

fluctuations of couplings outside radius are not encoded
δg ∝ δk must be taken into account!
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Several ways to implement RG improvement:

I EXTENDED IMPROVEMENT

consider couplings as “external fields” in the action

ΓEH = − 1

16πG (x)

∫
d4x
√
−g R

when varying the action one gets additional terms

Rµν −
1

2
gµνR − G

(
∇µ∇n − gµν∇2

)
G−1 = 8πGTµν
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I RESTRICTED IMPROVEMENT

neighbourhood I of event A ⇒ kA, action ΓA

EOM in I read Gµν = 8πGAT A
µν

iterating for each event x gives

Gµν = 8πGkT k
µν

with the additional x-dependence carried by k(x)
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Renormalisation Group improved cosmology

Gravity (minimally) coupled to scalar field φ

Γk [g , φ] =

∫
d4x
√
−g

[
− R

16πGk
+

1

2
∇µφ∇µφ+ Vk(φ)

]

and the potential is polynomial

Vk(φ) =
∑

λ2i φ
2i
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Equations of motion

Gµν = 8πGkT k
µν

�φ = V ′k(φ)

where

T k
µν = ∇µφ∇νφ−

1

2
gµν∇ρφ∇ρφ− Vk(φ)

Last ingredient is the definition of function k(x)
defined implicitly using conservation laws
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Diffeomorphism invariance of each action gives conservation laws

∇µGµν = 0

∇µ Tµν |λ = 0

while EOM give the overall conservation

∇µ (GTµν) = 0 ⇒ ∇µGTµν − G ∇νV (φ)|φ = 0

New constraint ⇒ equation for k(x)
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k-constraint

(∇µ ln k)Tµν ηRG = (∇ν ln k)V νRG

where

ηRG =
∂ lnG

∂ lnk
=
βG̃

G̃
− 2

νRG =
∂ lnV

∂ lnk
=

1

V

∑
i

(
βλ̃i

+ (4− i)λ̃i

)
k4−iφi

being

νRG ≡ νRG(φ̃)

G (k) = k−2G̃ (k) ; λi (k) = k4−i λ̃i (k) ; φ̃ = k−1φ
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Fixed point regime

imposing FRW symmetry

H2 =
8πG

3

(
1

2
φ̇2 + V

)
Ḣ = −4πG φ̇2

φ̈ = −3Hφ̇− V ′

φ̇2 = −2

(
1 +

νRG

ηRG

)
V

UV fixed point ⇒ G̃ (k) ' G̃∗ , λ̃i (k) ' λ̃∗i

Ḣ

H2
= − 1

α
where α =

1

3
(

1 + ηRG
νRG

)
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Ansatz H = α/t , φ = ϕ/t , k = χ/t

α2 =
8πG̃

3

(
1

2
φ̃2 + χ2Ṽ

)
ϕ2 = − φ̃4

2
(

1 + νRG
ηRG

)
Ṽ

χ2 = − φ̃2

2
(

1 + νRG
ηRG

)
Ṽ

where Ṽ = k−4V is a function of φ̃ only
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MONOMIAL POTENTIAL

V (φ) = λn φ
n

α =
4− n

3 (2− n)

χ2 =
1

(2− n)λ̃n

(
4− n

12(2− n)πG̃

) 2−n
2

ϕ2 =
1

(2− n)λ̃n

(
4− n

12(2− n)πG̃

) 4−n
2

@ n such that α > 1

no viable inflationary solution
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REMARK:

I α does not depend on the FP values of couplings

I ϕ only depends on the “dimensionless” combination λ̃n G̃
2−n

2

I χ depends on a “dimensionful” combination

general feature of solutions, maybe because H and φ are physical
while k is only a RG parameter?
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TRINOMIAL POTENTIAL

V (φ) = λ0 + λ2 φ
2 + λ4 φ

4

α =
2λ̃0 + λ̃2φ̃

2

3(λ̃0 − λ̃4φ̃4)
; ϕ2 =

φ̃4

2(λ̃0 − λ̃4φ̃4)
; χ2 =

φ̃2

2(λ̃0 − λ̃4φ̃4)

and φ̃ is given by

λ̃0 − λ̃4φ̃
4 =

1

12πG̃

(
2λ̃0

φ̃2
+ λ̃2

)
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Redefining FP values of couplings into

r0 = λ̃0/λ̃4 and r2 = λ̃2/λ̃4

Α
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as computations generally give G̃ = O(1)
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Quasi-classical regime

G̃

0.1 0.2 0.3 0.4

0.2

0.4

0.6

0.8

1.0

Λ̃

long-lasting phase of almost classical evolution, trajectory close
to Gaussian fixed point
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vicinity of Gaussian FP ⇒ small couplings

linearised β functions:

βΛ̃ =
3 G̃

4π
− 2 Λ̃

βG̃ = 2 G̃

βλ̃2
= −2 λ̃2 −

3 λ̃4

8π2

βλ̃4
= 0

[Narain & Percacci ’10]

linearised flux can be integrated analitically

Λ(k) = Λ̄ +
3

16π
Ḡ k4

G (k) = Ḡ

λ2(k) = λ̄2 −
3

16π2
λ̄4 k2

λ4(k) = λ̄4
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GFP means vanishing ηRG ⇒ k-constraint implies νRG = 0

for trinomial potential

k(t) = 2
√
λ̄4 φ(t)

field equation can be written in a closed form

φ̈+ 2

√
6πḠ

(
1
2 φ̇

2 + Λ̄
8πḠ

+ λ̄2 φ2 +
(

1− 3λ̄4

8π2

)
λ̄4 φ4

)
φ̇ =

−2
(
λ̄2 + 2

(
1− 3λ̄4

8π2

)
λ̄4 φ

2
)
φ

and studied in the phase space
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Kinetic-dominated phase:

φ̇(φ) ' Φ e−
√

12πḠ φ

Potential-dominated phase:

φ̇(φ) ' −
√

2
3πḠ

(
1− 3 λ̄4

8π2

)
λ̄4 φ

Φ

.
 = - A Φ

Φcl
Φ

Φ

.

Attractor solution φ̇(φ) = −Aφ
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“classical threshold” φcl

Λ(φ) = Λ̄ +
3

π
Ḡ λ̄2

4 φ
4

G (φ) = Ḡ

λ2(φ) = λ̄2 −
3

4π2
λ̄2

4 φ
2

λ4(φ) = λ̄4

φcl = min {φ0, φ2}

φ0 =

(
π

3

Λ̄

Ḡ λ̄2
4

)1/4

; φ2 =

(
4π2

3

λ̄2

λ̄2
4

)1/2
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Autonomous system analysis

define dimensionless variables

x = κφ̇√
6H

; y = κ
√

V√
3H

; z = V ′

κV

(
κ =
√

8πG
)

[Copeland Liddle & Wands ’98]

dx

dN
= 3x(1− x2) +

√
3

2
y 2z +

1

2
xηRG

d ln k

dN

dy

dN
= −

√
3

2
xyz − 3x2y +

1

2
y(ηRG + νRG)

d ln k

dN

dz

dN
= −

√
6 x(η(z)− z2) + z

(
−1

2
ηRG − νRG + σRG

)
d ln k

dN

[Hindmarsh Litim & Rahmede ’11]

being σRG = ∂ lnV ′

∂ lnk ; η(z) = V ′′

κ2V
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new terms can be rewritten as

d ln k

dN
=

1

αRG

[
σRG

νRG

√
3

2
xz + 3x2

]

where

αRG =
1

2

[
ηRG + νRG −

∂

∂ lnk
ln

(
−ηRG

νRG

)]

and it follows that

x = ±
√

1 +
ηRG

νRG
; y =

√
−ηRG

νRG
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IS RG FP REGIME A COSMOLOGICAL FIXED POINT?

remember that νRG(φ̃) = const

I monomial potential V (φ) = λn φ
n

x = ±
(

2− n

4− n

) 1
2

; y =

(
2

4− n

) 1
2

; z = −
√

3

2
n x

I trinomial potential V (φ) = λ0 + λ2 φ
2 + λ4 φ

4

x = ±

√
λ̃0 − λ̃4φ̃4

2λ̃0 + λ̃2φ̃2
; y =

√
λ̃0 + λ̃2φ̃2 + λ̃4φ̃4

2λ̃0 + λ̃2φ̃2

z =
φ̃√
2πG̃

λ̃2 + 2λ̃4φ̃
2

λ̃0 + λ̃2φ̃2 + λ̃4φ̃4
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AND WHAT ABOUT QUASI-CLASSICAL REGIME?

direct evaluation shows that for φ� φcl and A� φcl

xlate ' −
√

8

3

1

κφ
, ylate ' 1, zlate '

4

κφ

and notice that H ∝ φ2 ⇒ k �∝ H
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Cosmological fluctuations

comoving gauge T 0i = 0 ⇒ δφ = δk = 0

spatial part of the metric can be written gij = a2(τ)e−2Rδij

second variation of the action gives

Γ
(2)
R =

1

2

∫
d4x

(
(v ′)2 − (∂iv)2 +

θ′′

θ
v 2

)

where θ = aφ̇/H v = θR

in fixed point regime θ ∝ 1/τ

v ′′p +

(
p2 − 2

τ 2

)
vp = 0
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same form as in standard de Sitter background, solution is

vp =
pτ − i

pτ
e−ipτ

hence, as τ → 0 from below (late times)

|Rp|2 →
1

(θpτ)2

and power spectrum of curvature perturbations can be written

PR(p) =
1

24π2

(1−3x2)2

x2

H2

m2
Pl
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power spectrum (assuming α� 1) in terms of couplings

PR ' 32
3 πG̃ 3φ̃2(2λ̃0 + λ̃2φ̃

2) ⇒ ns = 1

PR � 1 can only be achieved if r2 ' −2
√

r0

0

2

4

r0
-4

-2

0

r2

0

2

4

smallness parameter r2 = −2
√

r0 + δ/G̃ ⇒ PR = 4
3 G̃ Λ̃ δ
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tensor power spectrum

Ph ' 32
3 G̃ 2(2λ̃0 + λ̃2φ̃

2) (−pτ)nT

where nT = − 2
α−1

smallness parameter δ

Ph ' 16
3

√
G̃ Λ̃λ̃4

2π δ (−pτ)nT

so that tensor-to-scalar ratio

r = Ph(p)
PR(p) '

√
8λ̃4

πG̃ Λ̃
(−pτ)nT
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Conclusions

I Exact Renormalisation Group technique indicates that
gravity may be asymptotically safe, even with the inclusion
of matter fields, like the scalar field considered here

I Fixed point regime of the RG trajectory triggers a phase of
power law inflation in the early universe dynamics, and then
smoothly approaches classical dynamics at later times

I The vicinity of the trajectory to RG fixed points causes the
appearance of cosmological fixed points in the autonomous
phase space analysis

I perturbations lying inside the RG length scale can be treated
in the standard way and give predictions for the primordial
power spectra, as functions of the fixed point values of the
couplings
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Ongoing work

? Widening of the truncation, with the inclusion of all
operators of canonical dimension d ≤ 4

? Numerical study of cosmological evolution, in order to
achieve a complete cosmological history

? Production of more realistic predictions for observable
quantities, like power spectra
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