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Boundary conditions in the FRG approach

o Effective average action I';[g, g| depends on

g € {metric of M}
g € {metric of M}

or equivalently on g and /» = g — g, i.e. T'x[h; 7]
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Boundary conditions in the FRG approach

o Effective average action I';[g, g| depends on

g € {metric of M | satisfies Dirichlet boundary conditions}
g € {metric of M}

=0.

or equivalently on g and /1 = g — 7, i.e. Tx[h; g] with f,., |,

h
§(ym)®§(yﬁf)
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Introduction

Induced geometry
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Hypersurface equation:
®(z*(y)) =0

Decomposition (transverse /normal part):

. . _ 9z%(y)
e Tangential maps: e = =54

o Normal field: n, = 8,L<I>(a:)

= Metric: g, =nun, + Hy,
(H,,, transverse metric)

nd black hole thermo
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Introduction

Induced geometry

Hypersurface equation:
®(z*(y)) =0

Decomposition (transverse /normal part):

i C o — 92%(y)
A e Tangential maps: e = T
%@ ]g_[// o Normal field: n, = 8uq>(33)

= Metric: g, =nun, + Hy,
(H,,, transverse metric)

Induced geometry on H:

e |nduced metric: Hu, = gap 82‘85 = Hup 6365

e Extrinsic curvature:

Koy = % (Lngap) ege'g = % (Dgna + Dang) ege’g

e Trace extrinsic curvature: K = H®K,, = D,n"
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Introduction

Motivation for truncation ansatz

Ansatz for I';. in case of OM # 0

o All basis invariants up to second order in 0: [Dirichlet bdry. con.]

1
ré™vg, g = — d? —2A;
00,0 =~ [ 4’V (R =-20)

1 d—1 9
S d'yWH (2K — 207
167G /8 M Y ( )

with 2|, o0 = 0= (g — Guv)|yaq
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Introduction

Motivation for truncation ansatz

Ansatz for I';. in case of OM # 0

o All basis invariants up to second order in 0: [Dirichlet bdry. con.]

1
ré™vg, g = — d? —2A;
00,0 =~ [ 4’V (R =-20)

1 d—1 9
S d'yWH (2K — 207
167G /8 M Y ( )

with 2|, o0 = 0= (g — Guv)|yaq

e Classical motivation: [Gibbons-Hawking]
Servg] = — L / d?z\/g R
167G M

1 d-1, /77
- d H2K
167TG() ~/8M 4
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Introduction

Motivation for truncation ansatz

Ansatz for I';. in case of OM # 0

o All basis invariants up to second order in 0: [Dirichlet bdry. con.]

1
ré™vg, g = — d? —2A;
00,0 =~ [ 4’V (R =-20)

1 d—1 a
[ 4" yH (2K — 277
167G /8 wo Y ( )

with 2|, o0 = 0= (g — Guv)|yaq

e Classical motivation: [Gibbons-Hawking]
1
5. gerav _ dd [ % Dcr WY O _ gV DK }5 y
95¥*[g] —167TG/M z,/g |G" + D, (g g ) |09u

1 d—1
- d VH H*®n20, 6g.,
167TG8 ~/8M y " A 09 A
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Introduction

Motivation for truncation ansatz

Ansatz for I';. in case of OM # 0

e All basis invariants up to second order in 9:

Firav [97 g] _

[Dirichlet bdry. con.]

1 d
_ d —9A,
o L dlava (R-20)
1 d—1 a
_ _ [ @ YVH (2K — 207
167G /8 wo Y ( )

with ﬁ,,,,

o = 0= (g = G )lopq

e (lassical motivation: [Gibbons-Hawking]

1
5gSgr3V[g] = 167TG /M ddx\/gGHl/ 5g/w

1 /1 1 a1 ‘
— === d VH H*n*0, 8g,
* Ton (G G”)/aM Y V0% Oap
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Truncations

Our truncations

@ Single-metric truncation for full fledged QEG
Investigation of

e potential problems and conceptual issues related to the new setting
e existence of a Non-Gaussian fixed point
e presence of a ‘Gibbons-Hawking trajectory’

® Bi-metric truncation — induced gravity approximation

e scalar fields A coupled to gravity induce I'y[A4, g, g]
e quantum fluctuations of gravity itself neglected

Daniel Becker Mainz, Germany
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Truncations
@00

Single-metric truncation

Single-Metric Truncation

Daniel Becker Mainz, Germany
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Truncations
oeo

Single-metric truncation

The single-metric effective average action ansatz
o Purely gravitational part: 8Guvlgpm =0
1
&g = - d? R —2A;
£l = ~qer [ @'V (=20
1 d—1 a
- — [ dTYYH (2K — 277
167G7 /M gV ( )

e Ghost and gauge fixing part: g, g], T¥"[¢,£, 3, g]

Functional renormalization group equation

-1
KOW Tyl,—, = +38Te | (0 + Ry)

Daniel Becker
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Truncations
ooe

Single-metric truncation

Results: single-metric truncation

e Existence of a Non-Gaussian fixed point:

Hierarchy NG-FP

g -
o 0.707 135
An 0.193 o

4

g? —2.29

4

1.201

e Newton type couplings gx, g7 (d =4, with ¢ =3, A < 1/2)

N = — 00 Gk ao(gr, Ae) >0
=+ (af = af) g , af 5(gks Ak) > 0

Daniel Becker
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Truncations

Bi-metric matter induced truncation

Bi-metric matter induced

truncation

Daniel Becker Mainz, Germany

Running boundary action: 8| A



Truncations

oe

Bi-metric matter induced truncation

The bi-metric (h, g) matter induced ansatz

Tilh, A;g] = TR[A; g] + Ti'[h, Asg], with Ry, =0=04],,,
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Truncations

oe

Bi-metric matter induced truncation

The bi-metric (h, g) matter induced ansatz

Tilh, A;g] = T7[A; g] + Ti'[h, Asg], with Ry, =0=04],,,
The level-(0) part (Background part)
_ 1 ~ (= 0)
IB[A;g] = —7/ d%2vG (R —2A"
: 167G\ Jm ( 7)
1 | 4V (2K - 2A,(€0‘0>)
167G\ Jorm

/ d%z\/g { g 0, A8, A + 5<“>RA2+V“>(A)}
+ / d4 eV H "V K A2
oM
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Truncations

oe

Bi-metric matter induced truncation

The bi-metric (h, g) matter induced ansatz

Fk [BJ A? g] = FE[A7 g] + Fl}i‘n [E7 A7 g] b With BMV‘(L)J,\A = 0 = 6A|?)/\/[

The level-(1) part (Linear part)
- 1 . = .
TR, A; ] = — / V3 E g, Al by, + / \/Ec;g%ﬂaw‘M
167G, 7 I m oM

with
e, A= Gm — L B g R+ A g — 8nGU T [A; 4]
and an energy-momentum tensor
T Asg) = (99 — 39" 9") 9,A0, A — gV, (A) — S g RA?
n EEJI) {QWDQ(AQ) _ D/LDV(AQ) + R/LVAQ}
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Truncations

oe

Bi-metric matter induced truncation

The bi-metric (h, g) matter induced ansatz

Fk [BJ A? g] = FE[A7 g] + Fl}i‘n [E7 A7 g] b With BMV‘(L)J,\A = 0 = 6A|?)/\/[

The level-(1) part (Linear part)
- 1 . = .
TR, A; ] = — / V3 E g, Al by, + / \/Ec;g%ﬂaw‘M
167G, 7 I m oM

and the boundary coefficient:

1 1 1 1 )
A O N (1,1 +(1,0) 2
% = 167 <Gl(c]) G,(J"O)) 2 (61\ &r )A
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Truncations

oe

Bi-metric matter induced truncation

The bi-metric (h, g) matter induced ansatz

Tilh, A;g] = TR[A; g] + Ti'[h, Asg], with Ry, =0=04],,,
Inspiration for this structure: split symmetry
0 1,1 1,11 1,0 0,0
O_giD_goid 000,
g;io): g,(f) . g;ﬁo’a): g,(f’a) ;
AP =AW, AR A Ey=0

Split symmetry intact =
TR[A; g) + TN [k, A; 9] = TR[A; g + 1)

Daniel Becker Mainz, Germany

Running boundary actions, Asymptotic Safety, and black hole thermodynamics 9| E



Truncations

®000000

Results: bi-metric truncation

Results

Bi-metric truncation
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Truncations

O@00000

Results: bi-metric truncation

Split symmetry

e Split symmetry stable under RG flow if

O 5(0) — 0, S(U) o 5(1 ”) atg(lﬁ) ) 5(0 3)
O, g(o) o, g(l) o, g(o ,0) 8,59,&178)

Daniel Becker
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Truncations

O@00000

Results: bi-metric truncation

Split symmetry

e Split symmetry explicitly violated by RG flow

O f“” # o o, O 5,9’*” # ol
(0) # 0y g(l) , (0 D 2o, g(1 -9) (in general)
. atg}f’) = atg,(:) requires ,(CO) > §,gl’|l)

= bi-metric structure of I';, must be retained in the ansatz

Daniel Becker Mainz, Germany
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Truncations

[e]e] le]o]ele)

Results: bi-metric truncation

Existence of a Non-Gaussian fixed point
e Matter couplings (trivial values)

(0) (1) (0) (1)

ms’ = 0=my Uy =0 = us

Daniel Becker Mainz, Germany
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Truncations

[e]e] le]o]ele)

Results: bi-metric truncation

Existence of a Non-Gaussian fixed point

e Matter couplings (trivial values)

0) _ (1) (0)

ms’ = 0=my Uy —O—U,(l)

e Non-minimal parameters

£07a) = arbitrary, 9’8) = arbitrary,
£0) = arbitrary 7é (bg(gg , ,El’”) = arbitrary # % , S}") = arbitrary,

Daniel Becker Mainz, Germany
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Truncations

[e]e] le]o]ele)

Results: bi-metric truncation

Existence of a Non-Gaussian fixed point

e Matter couplings (trivial values)

m&o) 0= mil) u(o) =0= u(l)
e Non-minimal parameters
£07a) = arbitrary, 9’8) = arbitrary,
£0) = arbitrary 7é 3 (bg(gg , ,El’”) = arbitrary # % , 9") = arbitrary,
o Newton type couplings
(0,9) 127 o _ 127

T Tl o) ns (@% (0) — 632 (0) gi”) ’

(1,8) _ 247 (1) 247
BRI O N ne (2-126") @3(0)

Daniel Becker Mainz, Germany
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Truncations

000e000

Results: bi-metric truncation

Level-(0) Newton couplings

Bi-metric matter induced Single-metric (;<3,)<1/2)
n® =427, 9} (1 —6£© ¢2> g | = —ao g
1
0 = 42, &1 g I o=+ (af +afgr) gf
Comparison
e For g, g9 >0,¢9 >1/3: 7O, ny <0
e Forg>0,¢2>0(<0): 79 n? >0 (<0)

Daniel Becker Mainz, Germany
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Truncations

[e]e]e]e] lele)

Results: bi-metric truncation

Bulk-Boundary Matching

i VH M oysht, L0

oM
Y ' Ll 1,0 !
©® Require ({M = 16% <$ — —G§’1‘_0)> — % ( ]E i _ gk{ >) A2 =0

Daniel Becker Mainz, Germany
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Truncations

[e]e]e]e] lele)

Results: bi-metric truncation

Bulk-Boundary Matching

C+ \/_ 0\/1 Aa}\&h ;
oM

OM _ 1 ] 1 1,0 1,0 .
O Require ((})M = 167 <GET> - Gml.a)) — 2 ( IE ) _515: ‘ >) A% =0:
k k
e Newton type couplings
NV =4y (2-12600) @3 - g0 >0

. (q,g +3m<1>2¢§) RRCRD)

e Non-minimal parameters
0)

UI?L(
am _ (.am 1 k 1
(o= (e-3) (£)  +5 a0
Iil’a) = const - u%V In (ﬁ) + gﬁj"’”
ko 0

Daniel Becker Mainz, Germany
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Truncations

[e]e]e]e] lele)

Results: bi-metric truncation

Bulk-Boundary Matching
[ VHM o6, £ 0
oM

©® Require ¢! = 0: satisfied at certain points in theory space
e At only one scale k = ko (physical scale ko = 0)
o At the fixed point: 5(0) =0= f(o 9 and f(l M = =1/12 = fﬁl’a)

Daniel Becker Mainz, Germany
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Truncations

[e]e]e]e]o] o)

Results: bi-metric truncation

Bulk-Boundary Matching

-+ V H (M n/A(‘)A(SIE“H < 0, with §M£0 (in general)
oM
® Require 71/\0”571““;0
e hu € F={fu tensor on M| fu, =0 on OM}

e Shu, € F = {fu tensor on M| f., =0 on OM}

Daniel Becker Mainz, Germany
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Truncations

[e]e]e]e]o] o)

Results: bi-metric truncation

Bulk-Boundary Matching

-+ V H (M n/A(‘)A(SIE“H < 0, with §M£0 (in general)
oM
® Require 71/\0”571““;0
e hu € F={fu tensor on M| fu, =0 on OM}
e Shu € F' = {fuv tensor on M| fu, = 0 and Dy, fu, = 0 on M}
Motivation

° Sglf—consistent backgrounds; BW = 0 on entire M, not ‘lost’ when
SheF
6ﬁ]-_‘k|]’1:0 [gielf—con] —0= 571F|I|Cn [gielf—con]

e Here: Ty = B° 4+ B'h = 1§, auxilliary field enforcing B*[g] = 0

Daniel Becker Mainz, Germany
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Truncations

000000e

Results: summary

Summary of the results

Split symmetry broken: T, functional of g and h separately
(Bi-metric truncation is compulsory)

NG fixed point exists in both truncation

n®, ny <0 and 79 nd >0

For €9 >1/3, g€ (0,3), A <1/2,¢° € (0,00)

Well posed variational principle: [, VH M n*o\h*, =0

e We found: M £ -
° h‘“’{aM =0 and nkaAéh“u = 0 required

Daniel Becker Mainz, Germany
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Running on-shell actions and Application

Running on-shell actions,

black hole thermodynamics

Daniel Becker Mainz, Germany
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Running on-shell actions and Application
.

Running on-shell actions

Running on-shell actions
Exact functional integro-differential equation: | S=S+ Segf + Sgh

o Tkl®:g] _ /Dfi) exp {—g[@] + /ddx (Ci)a - CI>a> %F;@[CI)]} e~ AnS[d-2]

quantum fields ® = {il,fL é“,gu}, expectation values ® = {h, A,¢&*,£,}

Daniel Becker Mainz, Germany
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Running on-shell actions and Application
.

Running on-shell actions

Running on-shell actions
Exact functional integro-differential equation: | S=S+ Segf + Sgh

o Tkl®:g] _ /Dfi) exp {—g[@] + /ddx (Ci)a - CI>a> %F;@[CI)]} e~ AnS[d-2]

quantum fields ® = {il,fL é“,gu}, expectation values ® = {h, A,¢&*,£,}
On-shell: (I)(T) = (I)EPLZ]] (”E) | running stationary point
e~ Tel@i59] = / Db exp [_§[<i>] — ALS[D — @ﬁp]]
Special case: G € Ficiteon = {G,u metric | h[g] = 0}
2y, = e~ Trl0:g7"™"] | only level-(0) contributions

Daniel Becker Mainz, Germany
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Running on-shell actions and Application

Quantum statistical interpretation

Quantum statistical interpretation

If ..., self-consistent and S-periodic in (eucl. !) time:

Zilg) = /D‘i’ exp [—S[&’;g] - AkS[i);g]} “Tr[e PH] = 75 ()

¢ Thermodynamical quantities | Temperature 7 =1/

Free energy Internal energy

Fk_—B‘lank Uk:ag(BFk)

Entropy Specific heat capacity

S = B20sFy Cyr = —B205U;

Daniel Becker

Mainz, Germany
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Running on-shell actions and Application

o0

Euclidean Schwarzschild black hole

The Euclidean Schwarzschild black hole

Solution of field equation A(%1) = = A(0:1L.9): P

te

G"(gs)=0 <<  R(gs)=0

= e

Euclidean Schwarzschild geometry (d = 4) 0

-1
ds? = + (1 — %) dt% + <1 — %) dr? + r2dQ?

with tp € [UmBBH}. and r € (Rs 00)

3

Daniel Becker

Mainz, Germany
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Running on-shell actions and Application

o0

Euclidean Schwarzschild black hole

The Euclidean Schwarzschild black hole te

Solution of field equation A" = () = A(0:19): P >
<
G"(gs)=0 < R(gs)=0
7y
Euclidean Schwarzschild geometry (d = 4) 0
R Rs\ '
ds? = + (1 — TS> dt% + <1 — TS) dr? + r2dQ?
with 5 € [0,47Rg], and r € (Rg, >0)
e gs has period Oy = 47 Rg |  Kruskal coordinates

v=/(r/Rs — 1) e/ sin (222)

7 71 aN . /€ 2
w=/(r/Rs —1)e"/?1" cos (fﬁi)

Daniel Becker Mainz, Germany
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Running on-shell actions and Application

o0

Euclidean Schwarzschild black hole

The Euclidean Schwarzschild black hole

Solution of field equation A" = (0 = A(:19):

G"(gs)=0 < R(gs)=0

= owe

Euclidean Schwarzschild geometry (d = 4)

-1
ds? = + (1 - @> dt? + <1 — &) dr? + 12d02
T r

with (5 € [0,47Rg], and r € (Rg, )

e Thus, 'y evaluated at gg

1

—InZ[gs] = T1[0; gs| = ———577
8"

| ViR @)
oM

with (),\/l = [() rng} X S,ZX

Daniel Becker
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Running on-shell actions and Application

o0

Euclidean Schwarzschild black hole

The Euclidean Schwarzschild black hole

Solution of field equation A% = = A(01L.9): P

te

G"(gs)=0 < R(gs)=0

= owe

Euclidean Schwarzschild geometry (d = 4) 0

-1
ds? = + (1 — %) dt% + <1 — %) dr? + r2dQ?

with 5 € [0,47Rg], and r € (Rg, o0)

3

C

e Thus, 'y evaluated at gg

~ _ BeuLs A
—InZ[gs] = T'[0; gs] = - =
4Gl(€o,a) 4G,(€O’8)

with A= 47TR§

Daniel Becker

Mainz, Germany
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Running on-shell actions and Application

(] J
Euclidean Schwarzschild black hole

The Euclidean Schwarzschild black hole gy = 47 Rg

B A ! 1 0o
—IHZA,[gS]: ~BH = __ = - —|wy “{‘2
167TG](€O’8) 4GI(€0;3) ('7';‘().()) G,((](l_())
with A= 4mR3

Daniel Becker Mainz, Germany
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Running on-shell actions and Application

(] J

Euclidean Schwarzschild black hole

The Euclidean Schwarzschild black hole gy = 47 Rg

2 A 1 1 (0.9)1 -
—InZ[gs] = — BH = — = — ,f\wi'('\kz
167TG](€O,8) 4GI(€O,8) (:;;y‘()-()) (7,((,().())
with A= 47 RZ
Thermodynamical quantities | Temperature 7' = 1/471Rg
;fee_energ% Fk7 Uk'7 Sk' Ck
k= 16nc 00 T 0 k
Entropy
S, = 1 0 k
kT 1enc OO T2 0
Internal energy
U, =2F;
Specific heat capacity
Ck: - 1

 8rG 9 2

Daniel Becker Mainz, Germany
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Running on-shell actions and Application

(] J

Euclidean Schwarzschild black hole

The Euclidean Schwarzschild black hole gy = 47 Rg

o A 1 1 (0,0) .
—InZ[gs] = —E1 = = —|wy |k?
167TG](€O,8) 4GI(€O,8) (:;;y‘()-()) (7,((,().())
with A= 47 RZ
Thermodynamical quantities | Temperature 7' = 1/471Rg

Free energy

Fk. _ 1 v FkakaSkvj\'[]s‘ Ck
T eraP? T 0 k
Entropy
Sy = —~— 9 k
167G\ T2 0

Internal energy

Ui = 2F}, Running ADM mass M,

Specific heat capacity (K — Ko) Rs
=—-—1 M, = — g =

Ck 82 G0 T2 K /SEO 87TG2?’0) 2G§CO73)

Daniel Becker Mainz, Germany

Running boundary actions, Asymptotic Safety, and black hole thermodynamics 21| C



Outlook
[e]

Conclusion and Outlook

Conclusion and Outlook

©® Truncations

Bi-metric truncation compulsory
Existence of a Non-Gaussian fixed point
No ‘Gibbons-Hawking' trajectory
Opposite running of G;O) and G,io’a)

® Application: black hole thermodynamics

e Running on-shell action: Z = o Trl0sgEe
e Running ADM mass for BH: M, = _1(?056)
26"
Outlook

e ‘Improve’ the RG-improved Black Holes
A. Bonanno, M. Reuter (1999,2000,2006)
M. Reuter, E. Tuiran (2006,2011)

e Employ surface terms in ‘'multi-scale Riemannian structure’ approach
M. Reuter, J. Schwindt (2006,2007)

Daniel Becker Mainz, Germany
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Outlook

Conclusion and Outlook

The End

‘Have a very happy day’

Mr Happy | Roger Hargreaves
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