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e\\Neyl-invariance & Weyl geometry
eFree Matter Iin external gravity
etffective Average Action (EAA)
e|nteracting matter

e Dynamical gravity



Weyl-invariance

e Scale transformation Juv — QZQW

maps one theory to another

eScaling dimension defined through: f

S(Guvs Va, gi) = S(nguw Q%) , QWig, )

“weights”

e\Weyl transformation €2 = Q(z)

e|ntroduce a dilaton as a local mass scale: w— X (93') X Q_lx

e(One can construct a (nonmetric) connection and a Weyl-covariant derivative:
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e This defines the (integrable) Weyl geometry on the manifold.

eCurvatures are then built as usual:
(D, D,Jv” = R, o0°

o|f every parameter in the theory Is rewritten as a dilaton coupling

gi — X gi

and all derivatives and curvatures are replaced by Weyl-covariant derivatives and
curvatures, we obtain a Weyl-invariant action (Stuckelberg trick).

e The final recipe amounts to:

S1(glﬂ/7 X wav §Z) — S(XQQWM Xwa%, Xwigi)



Free Matter - Standard Measure

[Conformally coupled scalar field in external gravitational field]

eMetric in field space:

6(6,6) =i [ day/g o6

(QMwa —Q( Qb T AV = _y2 4 d_2 R

e\\eyl covariance of the Laplacian means:

e Action:

0) _ —-1-4 d_ Q=14+w (0) _ _ (0)
Age, = Q7 2A0Q ! Y ALA 2wA

eFrom the gaussian integral we obtain the Effective Action (EA):
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o A Maxwell field gives a contribution:

1 A1) A(gh)
Sm(A, gu) + §Trlog ( % ) — Trlog ( 5 )

e These two operators are not Weyl-covariant (d=4):
( p(gh)J
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The Trace Anomaly

eUnder an infinitesimal Weyl transformation:

i 5T
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eFrom the proper-time representation of the EA for a Weyl-covariant operator, and
the Heat Kernel expansion, one easily derives the relation:

5,17 — — (47T1)d . / dz/gw ba(A)
e The coefficients can be computed in dimension 2 and 4 giving:
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eThe trace anomaly Is a manifestation of the dependence on the mass scale:

d 1 A
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e|n the spin 1 case we have Weyl noncovariant operators, giving an additional
contribution

L p(De=tA® iy (gh) o —ta @
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e(One can see that these contributions cancel in the traces, giving the correct
result

5wFI = (47T)2 /d4aj\/§ {b4(A(1)) _ 254(A(9h))



Free Matter - New Measure

e(One can construct Weyl-invariant metrics in field space replacing the mass scale
with the dilaton:
Gs(6.9) = [ d'ayiios
_ 1'"\‘_ _
Gp (Y, ") = /d4fv g X[y + 9"y
Gu(A,A") = / d*z /g x* Aug™ A,
OS — X_QA(O) )

eLikewise define covariant operators: Op = x 2AW/2)

Ory” =X 9o (A(l)) ,
Oy = Yy 2AGR)



e This will also define a new EA:

1
M =95+ 5Trlog(’)

e\\/hile the standard EA is anomalous,

6,1 #0

the new one is Weyl-invariant by construction:

5FII
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Wess-Zumino Action

®The Wess-Zumino action is defined through the variation of the (standard) EA
under a finite Weyl transformation:

I'(g") —T"(9) = Twz(g, n€2)

e|mportant because all the dilaton-dependence in the Weyl-invariant EA comes from
the Wess-Zumino term:

M (g, %) =T"(9) + Twz(g,x)

e Also, from the relation

/d:z:\/§

09

2wgu, =0

(g,xz,u)

we see that the Weyl-invariant EA reproduces the trace anomaly in the gauge in
which the dilaton Is constant
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[Wess-Zumino action from integration of the anomalyj

One-parameter family of Weyl . _ Q)
transformations: Q(t) - [0,1] = [1,9] g(t) v = 9uv
4 D
! T ! ., dD
I'wz(guw, ) :/ dl’f/dle 5 09(t) v = —/ dt/da: vV 9()(TH ) kQ(1) o
_ ’ g () 0
For instance:
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Effective Average Action

eMeaning of the cutoff k in the Weyl-invariant approach:

-

o

The cutoff must be allowed to be a generic non-negative function on
spacetime.We will take it to be proportional to the dilaton.

~

e Cutoff term: k2 /x?

eigenvalues of
the Weyl

| ’ / covariant

operator O
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dl'y 1 {52(Fk—|—ASk)}1 d 62AS8,

The EAA: Ak _ 1o "
Vak T2 o dk 56

IS In the two cases: Ri(A) = k2r(A/k2)

d_F,é = TrT(A/kQ) — (A/E*)r' (A/k?) Ki |
dk (A/k2) + r(A/k2) s a scale

dry’ . r(0/u?) - (O/u*)r'(O/u?)

o Kis a field
du (O/u?) + r(O/u?)

u
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The c-anomaly In d=2

e(General curvature-squared truncation onlocal form factor

eBeta function of ¢ has been computed in [Codello, Ann.Phys. 325 (2010) 1727]
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1 0 k2n
k2 L= AR

n=1

e\\Vhen the form factor admits a series expansion: ck(A) =

conformal variation of the EAA gives the k-dependent trace anomaly:

i =2 M AR 23 Y ( ! R) ( ! R)
k= T v = — — 715/ n| =% o
g VI 0 k2 n=0 k=1 Ak Ank

e (A) = —¢(A) A — AJK?

and likewise for the Weyl-invariant EAA:

> Tl 0 2 1l u2n=k)
T'u’ 11 — v — _4 n R
2% VI g C<u2) =t <0’“ ) < Oon—k )
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Asymptotic value
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The c-anomaly In d=4

e Curvature squared expansion:

rf = [ b5 o+ DR+ BRIk SR Coupo for(D)CH7° 1+ O]

goesto 0 goes to one-loop EA
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e Another action that generates the full anomaly is the Riegert action:

1 2 2
W(g,uw) = /d% VI3 (E — ng) ALl [2(;02 —a <E = §DR>] + %RQ

oBUT: wrong flat spacetime limit of T T-correlator.
*By using the WZ action in the relation previously found

Fl(g,uu) — Fll(g,ul/a X) — FWZ(g,uw X)

we reobtain the Riegert action, e.g., from the equation of motion of the dilaton.
Other choices give Riegert + Weyl-invariant terms

e(One can compute the Weyl-invariant EAA for the c-term. In the IR limit this
gives

1 1 ng +6mp + 12ny @, oo
FII(g,ul/aX) — _5 (47_‘_)2 /d433\/§ C,LLI/,OG log <_) cHer

120 ug
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Interacting Matter

oFor free matter, the trace anomaly Is zero in flat space

e[or interacting matter, with Weyl-invariant interactions of the form

Sint (g,LLI/7 \Ija) _—": A :/ d4$ g L’int

dimensionless

one has in flat space: T
/d4x w(TH ) = —0u,Sint = /d4£li‘ W(B)\-LGt

e Two points of view:

e|. \Weyl invariance = zero beta functions.
ell. Change RG prescription. A — A(u) u=k/x
eThen  0,Sint =0  evenit [y # 0
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eThe two terms in the fRG flow equation have the transformation properties:

I Q—d—w Q—w 7
Togoe 5656
““““““ ‘~~_ ¢' 2 2
field of -~ k d 0"A5y — Qv d 0" A5y Q"
weight w dk 0o dk 0o

eSince the beta functional is Weyl invariant, if we start from an initial condition which

s Weyl invariant, the EA will be Weyl invariant as well.
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Dynamical Gravity

eUsual Background Field Method, with background-split for metric and dilaton.
We chose a constant dilaton background.

eCovariant measure for gravitons and gravity ghosts introduced exactly as before.

eEinstein-Hilbert truncation: - N
. R =R — 6y 'Oy
S = [ d* N2 — —ZX°R 12
(9, x) / /g [ X"~ 754X 7 = 2
= Gy
eBeta-functions agree with the known ones: N J
dz 1

d\  24ng+2ny —4np 5| - 23+ 2ny — np
U— = u” |u” — 16A\Z
du 321272 2+ ng+2ny —4np

- = S 2 ~
Yau ~ 4n2 (23 4 2na —np)u {A = AJK? = 6AZ/u2}
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_ _ boundary
eGeneral solution of this system: .- conditions
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 72((2 4 ns + 2nar — 4np)ut + 12872 Z2))
B 28727y + (23 + 2npr — np)u2)2

eGravitational fixed point corresponds to large-u behaviour (note that Z is
redundant).

(2 +ng + 2ny — 4np)
2(23 + 2ny — nD)2
23+ 2ny — np 5

7Z(u) = Zu® = = u

AMu) = A =

oAt a FP. the dilaton decouples.

eThe RG trajectory corresponding to the FP is the one with the boundary
condition for Z set to zero. In this case, we find a vanishing EA.
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Conclusions

e\\/ith a dilaton one can construct a Weyl invariant measure
and EA

e This can be generalized to interacting matter using the
EAA, and to dynamical gravity

e This construction clarifies the meaning of Weyl invariance
In an RG context

e|t helps clarifying some ambiguities for the trace anomaly in
d=4
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