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Asymptotic Safety & Background Independence

Asymptotic Safety (UV)

Non-perturbative renormalizability :⇔
• Existenz of a (non-trivial) UV-fixed point of FRGE . . .

Evidence for topology-, field-, gauge group-, constraints changes X

• . . . with finite dimensional critical hypersurface SUV

Tests: f (R)-truncations X
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Asymptotic Safety & Background Independence

Background Independence

In quantum gravity spacetime is dynamical ⇒ Background Independence

In practice two different approaches:

1 No background at all ⇒ CDT, LQG, . . .
Construct spacetime out of ‘Nothing’

2 Generic background ⇒ EAA
Choose arbitrary background ḡµν on which dynamical field gµν propagate

Physical sector, Γk=0 should be independent on specific ḡ!

⇒ Split-symmetry condition: Γgrav
k=0[g, ḡ + δḡ] = Γgrav

k=0[g, ḡ]

Daniel Becker Mainz, Germany
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Asymptotic Safety & Background Independence

A Global Requirement

Requirements on the FRGE flow for quantum gravity:

• In the UV: Asymptotic Safety (NGFP, dim SUV <∞)

• In the IR: Restoration of split-symmetry Γk=0

Question:

Existence of RG trajectories satisfying both conditions (global issue!)
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Asymptotic Safety & Background Independence

Single-Metric & Bi-Metric
Approximations
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Single-Metric & Bi-Metric Approximations

Functional Renormalization Group Equation

Nonlinear functional differential equation:

∂tΓk [g, ḡ] =
1

2
STr

{(

Γ
(2)
k [g, ḡ] + Rk [ḡ]

)−1

∂tRk[ḡ]

}

Evaluation steps:

1 Functional: Reduction to ODE for couplings (LHS & RHS)

2 Hessian Γ
(2)
k : w.r.t dynamical fields, gµν , ξ, ξ̄ (RHS)

3 Nonlinear: Invert operator (RHS)

4 Trace STr: heat kernel techniques, . . . (RHS)

Daniel Becker Mainz, Germany

Asymptotic Safety & Background Independence 6 | A



Introduction Bi-Metric Einstein-Hilbert Truncation: Results Conclusion

Single-Metric & Bi-Metric Approximations

The Bi-Metric Einstein-Hilbert Truncation

1 Effective Average Action Γk[g, ḡ]:
(Invariants up to second order in the derivatives)

∂tΓk [g, ḡ] = ∂t

∫
√

ḡ
(
ΛB

k Z B
k + Z B

k R̄ + Z a
kR
)

+
√

g
(
γc

k + Zc
kR̄ + Z d

k R
)

+ ∂t

∑

n 6=0

γ
(n)
k

∫ (√
ḡ√
g

)n

(· · · ) + ∂tΓ
gf
k [g, ḡ] + ∂tΓ

gh
k [g, ḡ, ξ, ξ̄]

2 Hessian Γ
(2)
k [g, ḡ]:

3 Inversion:

4 Trace STr:

Daniel Becker Mainz, Germany
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Single-Metric & Bi-Metric Approximations

The Bi-Metric Einstein-Hilbert Truncation

1 Effective Average Action Γk[g, ḡ]:
(Invariants up to second order in the derivatives)

∂tΓk [g, ḡ] = ∂t

∫
√

ḡ
(
ΛB

k Z B
k + Z B

k R̄ + Z a
kR
)

+
√

g
(
γc

k + Zc
kR̄ + Z d

k R
)

+ ∂t

∑

n 6=0

γ
(n)
k

∫ (√
ḡ√
g

)n

(· · · ) + ∂tΓ
gf
k [g, ḡ] + ∂tΓ

gh
k [g, ḡ, ξ, ξ̄]

2 Hessian Γ
(2)
k [g, ḡ]:

Γ
(2)
k [g, ḡ, ξ, ξ̄] =

(

Γ
(2)
k gg (· · · )ξ̄

(· · · )ξ (· · · )

)

3 Inversion:

4 Trace STr:
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Single-Metric & Bi-Metric Approximations

The Bi-Metric Einstein-Hilbert Truncation

1 Effective Average Action Γk[g, ḡ]:
(Invariants up to second order in the derivatives)

∂tΓk [g, ḡ] = ∂t

∫
√

ḡ
(
ΛB

k Z B
k + Z B

k R̄ + Z a
kR
)

+
√

g
(
γc

k + Zc
kR̄ + Z d

k R
)

+ ∂t

∑

n 6=0

γ
(n)
k

∫ (√
ḡ√
g

)n

(· · · ) + ∂tΓ
gf
k [g, ḡ] +

✭
✭
✭
✭
✭
✭✭

∂tS
gh[g, ḡ, ξ, ξ̄]

2 Hessian Γ
(2)
k [g, ḡ]:

Γ
(2)
k [g, ḡ, ξ, ξ̄] =

(

Γ
(2)
k gg (· · · )ξ̄

(· · · )ξ (· · · )

)

ξ=0=ξ̄−−−−→
(

Γ
(2)
k gg 0

0 (· · · )

)

3 Inversion: FRGE|ξ̄=0=ξ ⇒ Γgh
k → Sgh (new truncation)

4 Trace STr:
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Single-Metric & Bi-Metric Approximations

The Bi-Metric Einstein-Hilbert Truncation

1 Effective Average Action Γk[g, ḡ]:
(Invariants up to second order in the derivatives)

∂tΓk [g, ḡ] = ∂t

∫
√

ḡ
(
ΛB

k Z B
k + Z B

k R̄ + Z a
kR
)

+
√

g
(
γc

k + Zc
kR̄ + Z d

k R
)

+ ∂t

∑

n 6=0

γ
(n)
k

∫ (√
ḡ√
g

)n

(· · · ) + ∂tΓ
gf
k [g, ḡ]

2 Hessian Γ
(2)
k [g, ḡ]:

Γ
(2)
k [g, ḡ] = (· · · )DµDν + (· · · )DµD̄ν + (· · · )D̄µDν + (· · · )D̄µD̄ν

3 Inversion: FRGE|ξ̄=0=ξ ⇒ Γgh
k → Sgh (new truncation)

4 Trace STr: Dµ → D̄µ + extra informations
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Single-Metric & Bi-Metric Approximations

The Single-Metric Approximation FRGE|g=ḡ

RHS: STr{(· · · )}|g=ḡ = STr{(· · · )D̄µD̄ν}

LHS:

∂tΓk [g= ḡ, ḡ] = ∂t

∫
√

ḡ
(
ΛB

k Z B
k + ZB

k R̄ + Za
k R̄
)

+
√

ḡ
(
γc

k + Z c
kR̄ + Z d

k R̄
)

+ ∂t

∑

n 6=0

γ
(n)
k

∫ (√
ḡ√
ḡ

)n

(· · · ) +
✘
✘
✘

✘✘

∂tΓ
gf
k [ḡ, ḡ]
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Single-Metric & Bi-Metric Approximations

The Single-Metric Approximation FRGE|g=ḡ

RHS: STr{(· · · )}|g=ḡ = STr{(· · · )D̄µD̄ν}

LHS:

∂tΓk [g= ḡ, ḡ] = ∂t

∫
√

ḡ
(

ΛB
k ZB

k +γa
k +
∑

n
γ

(n)

k

)

︸ ︷︷ ︸

≡Λsm
k

/Gsm
k

+

∫
√

ḡR̄ (ZB
k +Zb

k+Zc
k+Zd

k +(··· ))
︸ ︷︷ ︸

≡1/Gsm
k

Huge loss of information:

⇒ ∞ number of couplings degenerates to only 2, Λsm
k and Gsm

k

⇒ Bi-metric character is lost! (split-symmetry enforced for all k)

Daniel Becker Mainz, Germany
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Single-Metric & Bi-Metric Approximations

The Conformal Projection Technique FRGE|g=e2Ωḡ

RHS: STr{(· · · )}|g=e2Ωḡ = STr{(· · · )D̄µD̄ν + Ω(· · · )D̄µD̄ν +O(Ω2)}

LHS:

∂tΓk [g= e2Ωḡ, ḡ] = ∂t

∫
√

ḡ
(
ΛB

k Z B
k + ZB

k R̄ + Z b
ke−2ΩR̄

)
+ (· · · )

+ ∂t

∫

edΩ
√

ḡ
(
Λc

k + Z c
kR̄ + Z d

k e−2ΩR̄
)

+
✘
✘
✘
✘
✘
✘

∂tΓ
gf
k [e2Ωḡ, ḡ]
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Single-Metric & Bi-Metric Approximations

The Conformal Projection Technique FRGE|g=e2Ωḡ

RHS: STr{(· · · )}|g=e2Ωḡ = STr{(· · · )D̄µD̄ν + Ω(· · · )D̄µD̄ν +O(Ω2)}

LHS:

∂tΓk [g= e2Ωḡ, ḡ] = ∂t

∫
√

ḡ
(

ΛB
k ZB

k +γa
k +
∑

n
γ

(n)

k

)

︸ ︷︷ ︸

≡
Λ

(0)

k

G
(0)

k

=
ΛB

k

GB
k

+
Λ

Dyn
k

G
Dyn
k

+

∫
√

ḡR̄ (ZB
k +Zb

k+Zc
k+Zd

k +(··· ))
︸ ︷︷ ︸

≡ 1

G
(0)

k

= 1

GB
k

+ 1

G
Dyn
k

+ Ω∂t

∫
√

ḡ
(

γa
k +
∑

n
γ

(n)

k

)

︸ ︷︷ ︸

≡ΛDyn
k

/G
Dyn
k

+

∫
√

ḡR̄ (Zb
k+Zc

k+Zd
k +(··· ))

︸ ︷︷ ︸

≡1/G
Dyn
k

• Absorb ∞ number of couplings in 4, ΛDyn
k , G

Dyn
k , Λ

(0)/B
k , and G

(0)/B
k

• 1/GB
k , ΛB

k 6= 0 break split-symmetry (O(Ω0)6= O(Ωp) p ≥ 1)
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Single-Metric & Bi-Metric Approximations

The Hessian simplified

32πGsm
k Γ

(2)
k [e2Ωḡ, ḡ]µνρσ

gg = −α−1
[

ḡρµḡσν + (2̟2 − 1)ḡµν ḡρσ
]

D̄2

− α−1(1 − 2̟)
[

ḡρσD̄µD̄ν + ḡµνD̄σD̄ρ
]

+
(

α−1 − 1
)

(· · · )D̄µD̄ν

+ 2 α−1
[

ḡνσR̄µρ + R̄ρµνσ
]

+ Uµνρσ [ḡ]

Daniel Becker Mainz, Germany
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Single-Metric & Bi-Metric Approximations

The Hessian simplified

32πGsm
k Γ

(2)
k [e2Ωḡ, ḡ]µνρσ

gg = −α−1
[

ḡρµḡσν + (2̟2 − 1)ḡµν ḡρσ
]

D̄2

− α−1(1 − 2̟)
[

ḡρσD̄µD̄ν + ḡµνD̄σD̄ρ
]

+
(

α−1 − 1
)

(· · · )D̄µD̄ν

+ 2 α−1
[

ḡνσR̄µρ + R̄ρµνσ
]

+ Uµνρσ [ḡ]

Single-Metric

̟= 1/2

α= 1

⇒ STr{(· · · )D̄2}

Daniel Becker Mainz, Germany

Asymptotic Safety & Background Independence 10 | B



Introduction Bi-Metric Einstein-Hilbert Truncation: Results Conclusion

Single-Metric & Bi-Metric Approximations

The Hessian simplified

32πG
Dyn
k Γ

(2)
k [e2Ωḡ, ḡ]µνρσ

gg = −α−1
[

ḡρµḡσν + (2̟2 − 1)ḡµν ḡρσ
]

D̄2

− α−1(1− 2̟)
[

ḡρσD̄µD̄ν + ḡµνD̄σD̄ρ
]

+
(

α−1 − e(d−6)Ω
)

(· · · )D̄µD̄ν

+ 2 α−1
[

ḡνσR̄µρ + R̄ρµνσ
]

+ e(d−6)Ω Uµνρσ [ḡ]

Single-Metric Bi-Metric I

̟= 1/2 ̟= 1/d, α→ 0

α= 1 hµν = hTT
µν + D̄µχν + · · ·

⇒ STr{(· · · )D̄2} TT-decomposition

Daniel Becker Mainz, Germany

Asymptotic Safety & Background Independence 10 | C



Introduction Bi-Metric Einstein-Hilbert Truncation: Results Conclusion

Single-Metric & Bi-Metric Approximations

The Hessian simplified

32πG
Dyn
k Γ

(2)
k [e2Ωḡ, ḡ]µνρσ

gg = −α−1
[

ḡρµḡσν + (2̟2 − 1)ḡµν ḡρσ
]

D̄2

− α−1(1− 2̟)
[

ḡρσD̄µD̄ν + ḡµνD̄σD̄ρ
]

+
(

α−1 − e(d−6)Ω
)

(· · · )D̄µD̄ν

+ 2 α−1
[

ḡνσR̄µρ + R̄ρµνσ
]

+ e(d−6)Ω Uµνρσ [ḡ]

Single-Metric Bi-Metric I Bi-Metric II

̟= 1/2 ̟= 1/d, α→ 0 ̟= 1/2, α‘=’e−(d−6)Ω

α= 1 hµν = hTT
µν + D̄µχν + · · · Γk → Γk + Γsimplify

k

⇒ STr{(· · · )D̄2} TT-decomposition ⇒ STr{(· · · )D̄2}

Daniel Becker Mainz, Germany
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Single-Metric & Bi-Metric Approximations

Summary: Introduction

A quantum theory of gravity is described by:

Split-symmetry
k=0←−− RG trajectory

k→∞−−−→ NGFP (with dim SUV <∞)

Evaluation of the FRGE needs approximation techniques:

• Single-metric approximation: FRGE|g=ḡ (Background Independence ×)

• Conformal projection: FRGE|g=e2Ωḡ (Background Independence (X))

• New bi-metric method with ̟ = 1/2 and α‘=’e(6−d)Ω:

• Close analogy to single-metric calculation
• Simplifies trace evaluation
• Justification: Γk → Γk + Γ

simplify
k

Daniel Becker Mainz, Germany
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Asymptotic Safety & Background Independence

Bi-Metric Einstein-Hilbert

Truncation

Daniel Becker Mainz, Germany
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Asymptotic Safety & Background Independence

A Bi-Metric Einstein-Hilbert Truncation

Γgrav
k [g, ḡ] = − 1

16πGB
k

∫
√

ḡ
(
R̄ − 2ΛB

k

)
− 1

16πGDyn
k

∫ √
g
(
R − 2ΛDyn

k

)

• Asymptotic Safety condition

• Split-symmetry, i.e. Γgrav
k [g, ḡ]

!
= Γgrav

k [g, ḡ + δḡ]

⇒ 1

GB
k

!
= 0 ,

ΛB
k

GB
k

!
= 0

• Explore Background Independence k → 0

• Test single-metric reliability ∀ k

Daniel Becker Mainz, Germany
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Asymptotic Safety & Background Independence

Structure of the Beta-Functions

∂tG
Dyn
k = ηDyn(GDyn

k , ΛDyn
k ) G

Dyn
k , ∂tΛ

Dyn
k = βDyn

Λ (GDyn
k , ΛDyn

k )

⇓
∂tG

B
k = ηB(GDyn

k , ΛDyn
k , GB

k ) GB
k = ηB(GB

k ; k) GB
k

⇓
∂tΛ

B
k = βB

Λ(GDyn
k , ΛDyn

k , GB
k , ΛB

k ) = βB
Λ(GB

k , ΛB
k ; k)

For fixed k 7→
(

G
Dyn
k

, Λ
Dyn
k

)

:

• Non-autonomous system: βB
g (gB

k ; k) and βB
λ (gB

k , λB
k ; k)

• Fixed points: βB
g (gB

• (k); k) = 0 = βB
λ (gB

• (k), λB
• (k); k)

⇒
(
GB

• (k), ΛB
• (k)

)
defines running UV-attractor in B-sector

Daniel Becker Mainz, Germany
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Asymptotic Safety & Background Independence

Asymptotic Safety Condition UV

-0.1 0.0 0.1 0.2 0.3 0.4

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Non-Gaussian

Non-GaussianNon-Gaussian

Gaussian

Gaussian

(g
Dyn
∗ ,λ

Dyn
∗ )=(0,0) (g

Dyn
∗ ,λ

Dyn
∗ )=(0.7,0.2)

(gB
∗,λB

∗)=(1.4,−0.1)

(gB
∗,λB

∗)=(0,0)

(gB
∗,λB

∗)=(8.2,−0.01)

Background

Dynamical

UV-condition fulfilled: ∃ NGFP with dim (SUV) = 4
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Asymptotic Safety & Background Independence

Split-Symmetry in the IR

1/GB
k = 1/GB

k0
−
∫ k

k0

dk ′ k2BB
1 (k ′)

!
= 0

For every (GDyn
k , ΛDyn

k ) trajectory exists one, and only one, full RG
trajectory satisfying the ‘final condition’,

1/GB
B.I.(k = 0) = lim

k→0
1/GB

• (GDyn
k , ΛDyn

k ; k) = 0

⇒ Fulfills global requirement: limk→∞ Γk = ΓNGFP
∗ and GB

B.I. > 0

{(
G

Dyn
k , ΛDyn

k , GB
k , ΛB

k )
︸ ︷︷ ︸

∈Ttrunc: 4-dim.

|
(
G

Dyn/B
k > 0

)

︸ ︷︷ ︸

Asym. Safety: 4-dim.

,
(
GB

k = GB
B.I.(k)∧ΛB

k = ΛB
B.I.(k)

)

︸ ︷︷ ︸

Back. Ind.: 2-dim

}

Daniel Becker Mainz, Germany
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The running UV-attractor

The Background Sector (here k = 0)

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

0

2

4

6

8

øì

÷

÷

ì

ø

gB

λB

(gB
B.I.

,λB
B.I.)

RG-‘time’ k

k 7→
(

G
Dyn
k , ΛDyn

k

)

fixed ⇒ k-dependent background vector field!
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The running UV-attractor
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The running UV-attractor

The running UV-attractor

The dual role of the running UV-attractor:

• guarantees non-perturbative renormalizability for k →∞
• guarantees Background Independence for k → 0
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The running UV-attractor

The running UV attractor (Attr)B
k

Mr. IR

St. I

St. II

St. III

Mrs. UV
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Single-Metric vs. Bi-Metric: a comparison

Test of (intermediate) Split-symmetry

∀ trajectories ∃ only isolated points of intact split-symmetry

⇒ Single and bi-metric results differ significantly for almost all k

(especially in the semi-classical regime)

The miraculous reliability near the NGFP:

Fixed point region approximately

split-symmetric

Single-metric reliability

IR by construction and UV (X)
In between (semi-classical, . . . ) ×
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Single-Metric vs. Bi-Metric: a comparison

A suitable RG trajectory
I=sm I=Dyn I=(0) I=B
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Summary

Asymptotic Safety & Background Independence

• A global requirement that needs bi-metric truncations
Bi-EH-truncation: trajectories exists satisfying both conditions

B.I.
IR←− running UV-attractor

UV−−→ A.S.
(Number of free parameter reduces from 4 to 2)

• Split-symmetry broken for 0 < k <∞
⇒ Single-metric trajectories at best qualitatively correct

• UV Miracle: Split-symmetry approximately intact near the NGFP
⇒ Single-metric truncation correspondingly reliable

Conclusion

• Background Independence and A. S. simultaneously satisfied

• Generalize truncations to bi-metric ones (single-metric check)
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Thank You!
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