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Motivation

Motivation

@ aim at a theory of quantized matter and quantized forces
@ matter is composed of fermions = DYDY
@ SM forces mediated via gauge field = DA,?

@ gravity encoded in spacetime curvature = Dg,,,, De,?, D? X
= need to describe fermions in curved spacetime

= vielbein formalism is mandatory [WeyL '29, DEWITT *65]

by, . _ _
e,’e, Nab = g, Vpue,?=0 ?
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Motivation

hidden spin-base invariance:

@ assume a vielbein e,? with local SO(d —1,1) symmetry

@ independence of the tangential spaces of every point of the
manifold = reason for locality of SO(d —1,1)

H ; e a a b _
o covariant derivative: ~ Dje,® +w, ye,” =0
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Motivation

@ fermions need Dirac structure
= Clifford algebra in tangential space:

{W(f)a, ’Y(f)b} = 21l

@ independence of the tangential spaces
= local changes of the Dirac matrix representation:
Yoya = Ve 5(X) (hidden spin-base invariance)

@ behavior under spin-base transformations S € SL(d,, C):
[SCHRODINGER ’32, BARGMANN ’32, PAULI '36]

Y02 = SVnaS
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Motivation

@ standard spin connection for constant 7,

l)/leya + w#abeyb =0& D#e,,a”y(f)a + [r#, eua")/(f)a] =0

F 1 b
Whel’e ru — gwua [W(f)a77(f)b]

A

@ behavior of spin connection I, under spin-base
transformations

,— Sf.S1—(9,8)81

o it seems we first need e,? and then -, together with S to
calculate the spin connection fu for an arbitrary spin-base
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Motivation

e BUT: f“ can be derived from
D,y + [Iﬁu,%] =0, tr IA'M =0
for arbitrary spin-bases = relevant objects are the v,

e introduction of vielbein is artificial split of 7, into e,? and 7,

e Dirac matrices are more general (global surpluses)
[KOFINK ’49, BRILL AND WHEELER ’57, UNRUH ’74, FINSTER ET AL. ’99,

CASALS ET AL. '13, GIES AND LIPPOLDT 13, CHRISTIANSEN ET AL. '15]

= formalize construction without introduction of vielbein
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Spin-base invariance

Spin-base invariance

Dirac structure:

e Clifford algebra (irreducible representation):
(VW) =28, . €CH*H d, =2ld/2]

@ Dirac conjugation with spin metric h:
Y =1Th, |deth =1
perform coordinate transformation v, — WL

0. x> OxP x>
{7} = 28,1 = 255 2w g] = {57 oA}

most general solution v, = j:é%iS’ypS_l, S € SL(d,,C)
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Spin-base invariance

have two independent coordinate transformations

e diffeomorphisms (change of spacetime base):

/. OxP
T = T = gxm Ve

b =
h—h =nh

@ spin base transformations (change of spin base):
Vi =Yy, = +87,871
Y — Sy
h— £(S)~"1hs1
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Spin-base invariance

covariant derivative:

@ linearity:

V,u(djl + @ZJ2) = Vu¢1 + v,ud&

@ product rule:

V;ﬂ/ﬂz = (v/ﬂ/))%f_) + %Z)(VMZ_))

@ spin metric compatibility:
Vo =V | DuTy = (DuT?)gpw

@ coordinate covariance:

V(") = Du(y 1) = 0" d) + T4, (v 1p),

M = {MVH}+KV““’ {/Zi} = 58"7(0u8rp+On8pup—0p8un)
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Spin-base invariance

reality of action:

@ mass term:

(Pv) =4y

@ kinetic term:

[d%y=g (bV¥)* = [dy=g VY, Vi ="V,
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Spin metric and spin connection

Spin metric and spin connection

@ construct spin metric h and spin covariant derivative V,

@ spin metric is implicitly determined by the 7,
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Spin metric and spin connection

spin covariant derivative:
Vuh = O + Fnp + AT b | Duv® = 0,v® +{ B}VBJrKO‘BVB

A

canonical part of the spin connection I,

D(LC);[YV =07 + {Myﬁ}vn - _[f}“,yz/], tr ru =0

for example in d = d, = 4:

Cu = Puve + v, "Ya + 2,°%% + £, [Ya, 78],
i
Ve = TR _ggm--.mfym coyt

1 (0% (e} 1 (07
35 (=700, v = gty . 7810u7"),s
o

1 1 1
_ B — _ By_ 2|8
3, =3 tr(70,7%), te” = 3 tr(Ya0u”) 3 {#a}

Pu =
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Spin metric and spin connection

@ spin torsion Al ;:
0=[AT,,7*], Al,=—h"1ATlA

e for example in d = d, = 4:
spin torsion carries 45 real parameters, but only 11 remain
within the Dirac operator V:

T/_WMAruw = ///@Z_”f) - MMZW*VMZ) - y,ulﬂ;%hua 'YV]¢

A . mass/scalar field
a7, . axial vector field

Fuw anti-symmetric tensor field

13/28



Spin metric and spin connection

Intermission

Questions?
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Path integral

Path integral

@ can construct action S if 4* are known
e naive way: [Dy ¢'®  (and fermions, gauge fields, ...)

e but the Clifford algebra  {v,, 7.} =2g. I prohibits
arbitrary variations of v,
= determine degrees of freedom from Clifford algebra

Weldon theorem [WeLpon ’01] (d = 4), [LipPoLDT ’15] (d > 2)

5'7# = %(5&“/)71/ + [58% 'V,u]a tr 6S’y =0

0gu : metric fluctuations
08, : spin-base fluctuations, SL(d,,C)
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Path integral

want to show that the &, part factorizes

ingredients for proof:

@ action as a functional of the fermions ¢, 1, the metric 8uv
and the spin-base S,: S = S[¢,1,g;S4]

@ spin-base invariance of S:

S[v, 0, 8:8)] — S[Sv, S, g: 8] = S, ¥, 8 S5

@ spin-base invariance of the measure DyDi:

DYDY — D(SY)D(YS~) = DYDY
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Path integral

@ study expectation value of an operator O(ib,@l_),g;&y), which
is a scalar under spin-base transformations

@ consider integration over fermions and metric
(006, 3.8:8,)) = [DgDUDE O(w. 5. g; 8, )75
@ with spin-base invariance we find
(0(v.3.6:5,)) = (OW. 0.6 5)))

= integration over SL(d,,C) is trivial
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Path integral

in practice:
fix spin base for purely metric-based quantization

justification for:
common use of the vielbein as a function of the metric

(without keeping Jacobian from variable transformation De — Dg)
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Path integral

look for simplest explicit gauge fixing of the v, for a given
metric g,,,, w.r.t. a background metric g,

Euv = g;w + h;w

"vu(g)
’Yu(g) Y+ Z ! 3gpy - 5‘gp2n71p2n gz hoips -+ Ppsn 100

using the Weldon theorem:

g;;;l(i) 15 p1pz V(&) + G (g),vu(g)]

tuning of the spin base to make expansion coefficients simple

the symmetric part and the commutator part are independent
= possible to eliminate the commutator part:

0" (&) =K
08p1p9--08p2p_102n g=8
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Path integral

make new ansatz
’Yu(g) = B,uu(g7g)’_yya with Buu(gvg) = Buu(gag)

plugging into the Clifford algebra
2gHVI = {B,LLP:va Byﬁﬁ/ﬂ} = QBMpg-pHBHVI

in matrix form we have
g=Bg 'B=g(g 'B)?

and therefore we find
B=g(zg 'g)>
especially for g = geé_lh; B = ge%éﬁlh

[EICHHORN ’13, NINK ’14]
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global spin base on the 2-sphere

global spin base on the 2-sphere

@ spherical coordinates (¢, )

. 1 0
e metric (gu )= (0 .in2 19>

o zweibein (e,?)= <é sir?z?)
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global spin base on the 2-sphere

@ zweibein spin-connection: w;12 =0, w,12= —cos¥
o flat Dirac matrices: (v .) o1
Ir matri . =
’Y(f)a —0?9

@ eigenfunctions 1/}5:5)”/ of the Dirac operator read

[CAMPORESI AND HIGUCHI 96]

_ alnd) ~i(H+d)e @, ()
0.2 = SN (L e )
: n—|/
(+) _ o) i+ (I(=1)"Pp (7 — V)
wi ”I( ) Var ¢ o ( j:¢n,/(79)
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global spin base on the 2-sphere

the eigenfunctions have strange properties

W 0,0+ 2m) = P (09, 0)

00 =0.0) ~ e (7
£, 1=0 ’ +(1+ )

VNN PO N G
+,n,/=0 ’ j:(]_ _ S)

= Why is that?
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global spin base on the 2-sphere

@ spherical coordinates are ill defined
at the poles!

@ need at least two patches in
position space to cover the
whole 2-sphere

@ perform coordinate transformation

= zweibein is ill defined at the
poles (hairy ball theorem)

= zweibein spin connection is
singular at the poles
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global spin base on the 2-sphere

@ cure problems by introducing globally well defined spin base
@ Y—m

Vo = Seu"y(f)aS*l, with S = e 12%3¢ 7172 o1

@ circumvent hairy ball theorem by clever distribution of zeros
of components (7,,)’

A

@ spin connection [, = %’y# is well defined
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global spin base on the 2-sphere

° globally weII defined eigenfunctions of the Dirac operator

w:l:nl_swzl:nl

in/(ﬂW*‘Q”) winl( ©)
e 1
wgl:,)n,lzo(ﬁ _ 07 L,D) N <:|:§- _+55)>

B0 =m0~ (1)
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global spin base on the 2-sphere

outlook
@ existence of global spin bases on all metrizable manifolds?
@ dynamics and effect of spin torsion Al',
@ metric based path integral quantization of gravity in the
presence of fermions
summary

@ impose full nontrivial symmetry of Clifford algebra
= spinbase transformations: SL(d,,C)

@ spin metric h and canonical part of the spin connection fu are
determined by v,

@ common use of the vielbein as a function of the metric is
justified from Clifford algebra perspective

@ existence of a global spin base on the 2-sphere
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global spin base on the 2-sphere

Thank you for your attention!
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