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Outline

+ Motivations.

+ Definition of torsion and non-metricity. Ansatz.

+ RG flow of torsion and non-metricity due to the gravitons.

+ Adding matter (fermions).
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Motivation: exploring theory spaces of gravity

Asymptotic Safety proposal. Quantum Gravity can be fully described as
a quantum field theory. A non-trivial UV fixed-point with finitely

many relevant directions 1s searched for.

Some further choices are available:

- symmetries; > - diffeomorphism (e. g.. metric
- field content. theories of gravity);

- foliation preserving diffeomorphism

( Horava—Lifshitz) ;
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Field content:

- Metric formulation of gravity: the metric g, carries the degree of freedom.

Many aspects have been studied:

- higher curvatures;
- functional truncations;
- matter fields;

- bimetric aspects.

- Tetrad formulation of gravity (Harst and Reuter '12; Dona and Percacci

'12).
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- Tetrad+spin connection formulation of gravity (Daum and Reuter '13;

Harst and Reuter '14).

- Dilaton gravity and non-integrable Weyl theory (Percacci '12; Codello,
d'Odorico, Pagani, Percacci '12; Henz, Pawlowski, Rodigast, Wetterich '13;

Pagani, Percacci ’13).

\

General case:

A generic connection has both torsion and non-metricity (deﬁned in the
next slide). However we did not see any physical effect so far. Maybe

the quantum properties of these objects can explain why it 1s so.
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Generic connection: torsion and non-metricity

In the GL (n) formalism the metric is written as

Juv — Ha,u‘gbuf)/ab . (1)

A generic connection A,%;, 1n the tangent bundle has both:

- torsion:
T,% = 0,0, —0,0;, + A% 0> — A% (92 (2)
- non-metricity:

_Q,uab — 8,u")/a,b — A,uca’)/cb — A,ucbf)/ac . (3)

Carlo ‘Pagcmi 6 29/06/2015




Going to the metric formalism we can write:
Aozﬁfy — Faﬁfy -+ ¢aﬁfy (4)
where

¢aﬁfy — O‘ozﬁfy =+ Baﬁfy . (5)

Here anp~ is symmetric in (o, ) and Bag~ is antisymmetric in (5,7) .
The relation with torsion and non-metricity is given by the following

formulas:

Taﬁv — Aaﬁv — Avﬁa 3 Q,uaﬁ — _vﬁlgaﬁ (6)
and

Tapy = Bapy — Bya Qapy = Qapy + Qayg - (7)
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The curvatures of A and I are related as follows:
Fu®s = Ru®s + Vu8,% — Vb5 + 0,20, 5 — 6,267 5. (8
and (up to surface terms)

F/W,uz/ — R+ 6aa55’y By 5@575504’7 _ %570/”5 4 aaaﬁa’y&y

(9)
_I_aaﬁfyﬁaﬁ’y + aaaﬁﬁfy By _ aaﬁaﬁv By

This can be rewritten as:

1 1
FMVMV _ R_I_ ZTQBWTQ&Y + 5CZ"&BWCZ'VOKYB + CZWOéOé,BCZ"B/V/7 (10)
1

1 o) 1 o o 1 o)
—I_ZQO&BWQ b7 5@&57@5 T — ZQOWWQ 55 + 5@04 BQBWW

o af o
—Qap T 57 1+ Q 5T077 —Q/ BTBWW .
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Ansatz

We consider the most general combination of terms appearing at first

order 1n the curvature:

S=5g+5 (11)
where
Su(g) =k [d*z\/g(2A—R), k= 1p (12)
and
So = [ oG [g18n B+ gaBna B + go P8 (13)

A
Al

A

% 1% I3 AV
Oélun + g7« )\,u,a /fv, + g« Auay

AUy AV
_|_g404)\,u1/05 a +95Oé>\;w04 'LL—I_QGQ

+9904>\W5>\W + g1ooz>‘>\uﬁ'/,,“ -+ gllof‘u)ﬁ”,/“ + & — terms} .
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The parity odd terms built via the epsilon tensor are the following:

e—terms = £apy5(9128,77 877 + 9136870, + g1437P B,
+g156°, “B7° + g6’ + giraP*P B (14)

+g1804’00‘5575p -+ 91904’00;5575 + gzo@ppaﬁmé)} '

The number of invariants can been reduced using the following identity:

0]

5045[7["55] - _575[04[775519] ' (15)

A basis of linearly independent monomials 1s:

e —terms = cagys (91387787 + 9148”7 B0 + grea” a0

(16)
+g17ozpa55p75 + glgapapﬁmé + 92004ppa5m5)} '
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RG flow of torsion and non-metricity

We computed the 1-loop beta functions of the couplings {g;} via the flow
equation for the EAA:

1
oy = ST O It (17)

T+ Ry

aapy and B,p~ do not have a kinetic term. Only gravitons enter in the

loop. We expand the flow equation for small aap, and (3,3 :

1 O R 1 1 1
O,T) = ~Tr (2; i STr | —; S » 9. R | +---
2 |Sy + Ry Sy + R T Sy + Ry

(18)
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For the Cosmological and the Newton constants one obtains beta functions

of the following form:

dA -1 - -
t 2 (19)
G _ (d — 2)G — BG?
da |
In the de-Donder gauge the r.h.s. of the flow equation for torsion and
non-metricity couplings has the following form:
1 0; Ry, 1 a(2)
where
Qn(f) = ﬁ fooo dzz""1f(z2) (21)
L 0L O +07 0k U
K* po — % ( s 3 : | %g,u gpa) - (22)
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Computing the traces and using the relations among the various

monomials one finds a set of beta functions of the following form:

Gtg}i - (d — 2) gz Y Z cz-jg}j (23)
J
where i
167G 1 2
A /2 N2 (d/2)! (24)
(4m)"% (1 - 2A) (d/2)!

A convenient form 1s found by performing a linear transformation
to the set of couplings {g;} . This defines a new set of couplings {h;}.

For instance

hy = 94+9s . (25)

Orhj = (—(d = 2) + KA;)

>
.

(26)

Carlo CPagam’ 13 29/06/2015




The explicit form of the coefficients {);} is:

Lo PoTdo12 (@4 Nd-4) @D | P-Td 16
1 — A ’ 2 — A 9 3 — A ’ 4 — A ,
(d+1)(d—4) (d+1)(d—4) (d+1)(d—4)
)\5 — ) )\6: 9 )\7: )
4 4 4
oL BoTde4 EoTd-16 o (d4Dd-4)  (d+1)d-4
4 ’ 4 ’ 4 ’ 4 ’
A2 = —(d+2), Az=—-(d-1), Ia=-d,
Ay = —d, )\16=—d+g, A17 =

The explicit solution of the RG flow 1is:

G[k] — 1—|—%%OGOIC2 (27)
and
hylk] = hjo (14 LBGok2)™/ 7™ (28)
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Our system of beta functions has the following fixed points:

- Gaussian fixed point for ([\, é) plus a Gaussian fixed point for the
couplings {IEZ}

- UV non-Gaussian fixed point for (]\, é) plus a Gaussian fixed point

for the couplings {BZ} which can be seen from:

~ ~

Oh; = (—(d —2) + kX\)h; . (29)

- Gaussian fixed point for (.7\, é) plus a Gaussian fixed point for the
couplings {1 / ﬁi} .
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The Holst subsector

A particular combination of our ansatz corresponds to the Holst action:

Stotst = i [ d* |2abea (2A.0% 6" N 6° N 0T — F 7 0° 7 0%) + Ly 1 0% N 6]

We can consider the curvatures of the

connections I'+ S or I'4+a+ (5.

The correspondence with our ansatz 1s given by:

—g2 = g3 = K ; g13 = R/ ; g; =0, for ¢ #{2,3,13} . (30)

The above relation 1s broken by the flow equation. The same goes for the

connection I'+ o+ (.
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Adding matter: fermions

Scalar and vector field actions which do not need a gravitational
connection. We consider the interaction of (minimally coupled) fermions

with torsion (they do not couple to non—metricity):
1 _ . N
Sip = g [ dwdet(6) [5°00V,0 — ¥,y 0] (31)

After integration by parts we get the following Dirac operator:

a . 1 Ta
D =90V + 5T," 47", (32)

The square of the Dirac operator has the form:

A=-V2+B'V,+X. (33)
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In our case:

B? = "7 T,0, =T (34)
” % - o 1 v - « 1 o
BT — §VHT“ I 7 7,7 (VT - TG TPl

N e

X =

The traces can be computed using the heat kernel for torsionful connection.

In particular we have:

A . « 1 a B
ANEE 7 — /\/gsﬂ [— ~ X + —v e, = 10T,
X | (35)
—5Ta’ 3B + §VMB“ - ZBNB“] .
The contribution to the flow equation due to a fermion 1is:
1 0, Ry (A)
I'y = —=t _ By (A
Oy, 2T[Qd/2 1(A+Rk(A)> 2( )]
1 kd_Z (36)

- )' [%] [ 6@5760667_ _6a575a751

(4m)d/2 (4 —1)!
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The beta functions are modified as follows:

~ . ~ 1 ~ g —92
" . - ]. " 1 % 1
Otgo = —(d—2)gs+ %Z(d—4)(d+ 1)g2 + ()72 (1 1)!2[ ]
New fixed points appear:
A G a1 g2 g3
FPq 0 0 | —0.00316629 | 0.00633257 0
FPs —0.3 | 1.88496 —0.0018591 | 0.00633257 0
A G 1/g1 1/g2 | 1/g3
FPs —0.3 | 1.88496 —537.893 157.914 0
FPy —0.3 | 1.88496 —537.893 0 0
FPs 0 0 —315.827 157.914 0
FPg 0 0 —315.827 0 0
FP- 0 0 0 157.914 0
FPg —0.3 | 1.88496 0 157.914 0
FPq —0.3 | 1.88496 0 0 0
FP1g 0 0 0 0 0
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Summary

- We considered the most general combination of gravitational terms with

torsion and non-metricity up to the first order in the curvatures and

computed the one-loop beta functions of the couplings.

- We confirm the Asymptotic Safety fixed point in this approximation.
- The Holst action is not preserved under renormalization.

- If fermions are added new fixed points appear in the torsion sector.

Thank you!!
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