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Introduction

General Relativity (GR) is a perturbatively non-renormalizable
theory.

The field is the spacetime metric.

Renormalization Group (RG) flow can be seen intuitively as
describing physics at different scales of length by changing the
resolution.

Our work develops a manifestly diffeomorphism-invariant Exact RG.

This approach avoids gauge fixing, giving results independent of
coordinates.

The diffeomorphism invariance also allows us to create a
background-independent construction.

The background-independent form does not make assumptions
about the global structure of the spacetime.



Diffeomorphism transformations

Consider a general coordinate transformation
/
i —gr WP ().
For a covariant derivative, D, metrics transform as

OxP 0x°
g/l,u/(x,) = EY gpg(a?) = gW(az) I QQA(QDﬁ)f)\ + & Dgags -

So metric perturbations transform as

Ry (2) — hyw (2) + € - Dguy + 295, Diny €™ .

A general covariant tensor transforms via the Lie derivative:

£y 0 = £ Dol + ) Ty nve D€,

1=1
We will later find it useful to generalize this further to objects with two position arguments.
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Kadanoff blocking

In the Ising model, Kadanoff blocking is the process of grouping microscopic spins
together to form macroscopic “blocked” spins, e.g. via a majority rule.

The continuous version integrates out the high-energy modes of a field to give a
renormalized field, used in a renormalized action.

The blocking functional, b, is defined via the effective Boltzmann factor:

dis f Do 8 [p = b [po]] e~ Zbareleol,

There are an infinite number of possible Kadanoff blockings, but a simple linear example is

b[(po] (aj) o=z ] B(gc — y)SOO (y)7 where the kernel, B, contains an infrared
Y

cutoff function.

The partition function must be invariant under change of cutoffiscale, A, this will
be ensured by construction, i.e.

Z — ch}O 6_8[(‘0] — /D(po e_Sbare[(PO].

Kadanoff blocking demands a suitable notion of locality that requires us to work
exclusively in Euclidean signature. 5



RG Flow Equatlon

Differentiate the effective Boltzmann factor w.r.t.

A Obleo|(z) _
A_ Sle] / /D S[p—b] A Share[po]
2 So(z ~ pol] B

This can be rewritten in terms of the “ ", W(x), as

A—e / o (Ve -Sla))

This is now a general form for an for a single scalar field. If instead we
choose a , we have (suppressing indices inside arguments)

0 —S[A]_/ 0 —S[A]
Yoag T Sl (‘P“(x)e )

For . we have

0 5 _/ 0 _S[q]
VR & (‘I’“"(x)e )




Polchinski flow equation

We can specialize to the Polchinski flow equation for a single scalar field by setting

U (z) = %/A(x,y)%.

The effective propagator, AT C( 2/[\2) g , contains an ultraviolet cutoff profile, c.

The seed action, S which appears in Z S i 25

Is the regularized kinetic term (in the Polchinski flow equation). We can freely generalize to
allow 3-point and higher additions.

- L e 0”
525/%% 1(‘@)‘%””'

This freedom comes from the infinite number of possible Kadanoff blockings. The
Polchinski flow equation can be neatly expressed as

e 105 Vot oDlsElRs o - @
1 2920, | ARGl
3 20 oo 200 0y

where . . g := /xf(x)W (—i—i) g(z). 7



Gauge Invariant flow equation

The generalization of the Polchinski flow equation to a single gauge field looks very similar:

oo Sl ey LA D o
o NI {A}'(SAM 204, 1A% oy

The crucial difference to the scalar case is that the kernel must be covariantized to
maintain manifest gauge invariance.

There are an infinite number of ways to/do this, a simple way is to replace the partial
derivatives with covariant derivatives,

. I : D?
D,u " 8,u = ZA/M so the kernel now has an expansionin ———

A2

We continue to call A the “effective propagator”, although instead of inverting the
tree-level 2-point function, it maps it onto the transverse projector:

Asoﬁ,fl B ; 5#!/ S pu,p,//pz.



Diagrammatic view

We can visualize the flow equation expansion for field theory diagrammatically:

In and theories, the also has an expansion due to covariantization:




Loop expansion of the action

To preserve manifest gauge invariance, must be avoided.
For gauge theories, this is achieved by writing the coupling, g, as an overall scaling factor:

1 - DL
S[Al(g) = 4—92?57“ 1y Mixz F,+--

The effective action is then written as a that is also an expansion
in powers of g:

1 X
52—250—1—81—1—9282—1—... and 292928—28.
)

The of the flow equation then reads as

: 1 1
S:9—280—1—81+9282—|—"'—1—/8(—g—BSO—I—gSZ—l—"')

The have an expansion: /6 o A@Ag = 6193 —+ /6295 + ...
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Comment on wavefunction
renormalization

To preserve gauge invariance, we require that the of the
field keeps the form

oA 8=, D JlwlE)].
If were required, the renormalized field would scale as

R_ 7—1/2
AL Z R ]
The gauge transformation would then change to
B 192 ‘T AR
0A, = Z " 0,w —i[A,,w|.
This preserves the relation only if we require that Zij= 1 R
and AM = AM 3

This differs from the usual method, which instead introduces and
replaces manifest gauge invariance with
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Additional regularization for loops

The manifestly gauge invariant ERG for SU(N) requires
at 1-loop level using covariant Pauli-Villars fields. The elegant way to do this is
with

The field is promoted to a of bosonic components, A, and fermionic
components, B:

A. B,
AM:< —H )—|—AO s and Duzau—i/lﬂ.

2
B, A
The action is built in a S|m|Iar way:
1 D2

b= —Str/]-'w,c (_F> Fuv+ -

Xll X12
where gtr ( X21 X22 Pt t'rlel g tT2X22.
This supersymmetry is spontaneously broken by a mechaism with a

mass at order A, so that the physical SU(N) can be recovered at

A similar procedure would be required for the 1-loop manifestly diffeomorphism
invariant ERG for gravity.



Diffeomorphism invariant flow equation

The background-independent generalization of the Polchinski flow equation to gravity is

: 0S 0
S [ 5 [ Ko [ [ Kt
z 09 () Jy wpe (:9) 5900 0Gpv (& i v) 09po (Y)’

The kernel, which transforms as a two-argument generalization of a tensor, is

1 | .
Kuupa(xvy) 2 _5(56 - y) (gu(pga)u _I_]g/,wgpa) A.

V9

The de Witt supermetric parameter, J, determines how modes propagate in the flow
equation. The value of j is determined by our choice of scheme.

The “effective propagator”, 4, in the fixed-background description is given by

— C(p;{i A%)

where d is the dimension of the A-independent part of the 2-point function.
Background-independently, we only have A's RG time derivative, which is a local

expansion in covariant derivatives. 13
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Flow equation at the classical level

The flow equation can be split into two index structures, which are the
“cross-contracted” and “two-traces” forms. At the classical level, we have

: 0.5 S 2 00X
S‘C.C. . 5 gu(pg ) A5 ? and
z 99uv \/g 9po

: ) G O
Sl = 5 Jurgos A 0%

T 59w/ \/5 59,00

The full flow equation is a linear combination of both structures:
S S‘c C. =+ ]S‘t o -

We can write the classical flow equation in compact form as

S — —AQay [S, Z] 4
where Q( is a symmetric bilinear map between actions. We could also use
d(, a symmetric bilinear map between Lagrangian terms:

L SR NS | .
As with scalar and gauge cases, we only require the seed action to match the

fixed-point action up to the 2-point level, which for gravity means up to quadratic
terms in Riemann tensor.

14



Brief comments on J

The value of | determines the balance of modes in the flow equation, take for example
J — OO,
which is the case where the kernel only keeps the index structure that traces both sides.

This choice ensures that only the conformal mode propagates in the flow equation. To
see this, let's bring the conformal factor outside the metric:

— i o}
We find that we can rewrite the flow equation as merely a flow equation for the

conformal factor:
0S5 0.5

%:gMVdguyv
05 A 6% 5 A Y
z 00 /g 00 » 00 /g 00

Conversely, in D dimensions, j = -1/D prevents the conformal mode from propagating in
the flow equation. We specialise to D = 4 in this work.

S ~

15



Background-independent expansion of the action

The Lagrangian can be arranged as an expansion in local diffeomorphism-invariant scalar
operators of even mass dimension, d = 2i, which corresponds to the number of derivatives:

L= Z Zg2i,ai O2i,ai-

1=0 8%
For a Lagrangian of dimension /, the couplings have mass dimension /-d. The kernel also
gives as a series expansion in derivatives:
oo

: T L
A=V =) P A®) (0) (-V3)".
=0
Because of this, our bilinear mapping of two operators also follows a series expansion:

d0 [Od17 Od2] r Z ag [Od1 9 OdQ]'

k=0
We can integrate these terms w.r.t. RG time to reproduce the operator expansion of

the action. The higher dimension operators are suppressed by increasingly negative
powers of A. Dimensionless coupling terms are reproduced as “integration constants”.

16



Simple examples

The only zero-dimensional operator is the effective cosmological constant. The flow equation
at this order is simply a first order differential equation:

A ~ 0
Jo = go(29o — 9o) ag|1, 1] .
The only 2-dimensional operator is the Einstein-Hilbert term, which is similarly straightforward:

88[02, 1]
@,

For evaluating bilinear operations with a cosmological constant term, it is helpful to note that
ai[04,1]1=0  Vk > 0.
. 1 y 05
Consider ¢ |.S, \/§ — _Z(l + 45)A(0) guv5— .
x

T 9uv
— = Quy —— one can infer that the last factor counts
Yoi H 69#’/’ metric powers:

g2 = 2(90g2 + Gog2 — 9092)

Remembering that

17
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The “Weyl scheme”

The seed action matches the fixed-point action up to curvature-squared terms and
determines the form of the effective propagator.

Let us construct a classical fixed-point action using the following seed Lagrangian:

L =2R,3c Y (=V?/A%) R¥ + 2sRc™Y(-V?/AY)R.
The flow equation yields an expansion that goes like
£ = 4ag[R,wR*™, RugR] + 85 ag| R, R* , R?] + 4s2ao[R%, R + - -

Requiring quasi-locality constrains the kernel expansion to give us
dA . 1

L) 47 _L/// 2 1
AA_2A4C (0) A6 (0)V=+0(V7).

There are no 6-dimensional operators in S. Using the flow equation expansion above,
solving at the curvature-squared level for d = 8, 10 gives us

S SRl JEES S L™ S IESPS .
1 14 4s

This fixes the value of j to be j — =

4 1+ 3s 18




The “Einstein scheme”

Now consider instead an action that begins with an Einstein-Hilbert term

1 2 _v2 _v2
— — MV e &
327TG/90‘/§( 2R+A2Rwd( v )R Asz( v >R+ )

Where d is related to the inverted cutoff. As with gauge theories, we will want to rescale the
action to factor out the coupling This gives us the following seed Lagrangian:

i ' 42
E:—2R+A2Rwd( V?/A%)RH +F3Rd(—v2/A2)R

S:

The quadratic (and higher) terms in the Riemann tensor can be derived from the flow equation:

dA\ ' (0
g4,1R2 + g1 2R" R, = 4/ = aO[R Rl = 152)

A (RuwR* +jR%).

We can maintain this structure at all orders of the curvature-squared level provided that
J=-1/2 or -1/3.

19



Loop expansion

Let us consider the loop expansion of the action:
1 y N N A
K

For the Einstein scheme, the coupling is related to Newton's constant: k = 327G

Remembering that the flow equation is written as b = —Qa [S, Z] Pl [2],

we can expand it out loopwise to get

148 : ; : 1 1 .
=So + 81 + RS> + &S5+ -+ 03 <_?SO‘|‘S2 + 273 +> = — =050, So — 25]
~2a0[S0 — 5, 1] + ax[So — 28] + & (—2a0[So — 5, S2] — ao[S1, S1] + @1 [Si]) + -+

The classical equation is recovered for K, — 0

The loop expansion of the beta function goes like

B := AOrR = BiA2R2 + Bo AR + ...

20



Fixed-background form

If we fix a Euclidean background metric, we can define the graviton field as the
perturbation to that background:

fo (2) 2= v (%) — Opuw-
The position representation is related to a momentum representation via a Fourier transform:
w dPp
huv (.ZU) _ /dp o ip-x hlﬂ/ (p), where (ip .= (27T)D
The action is defined as a series expansion in the perturbation:

S = [aps)S™ hyulp) + 5 [ dpda 8o+ S (5. )by (PVpa(@

1 rpoo
+ayef dp dg dr olp + ¢ £ RS (0, ¢, ™) (D) Ppor (@) hag(r) + - -
1 2
P
In this form, we are able to define an “effective propagator”, A _l (AZ )
p

Where [ = 2 in the Einstein scheme and 4 in the Weyl scheme. -



Expansion of the metric determinant

The action has a factor of 4/ . The kernel has a factor of 1/\/§

We can use the momentum-independent Ward identities to determine the expansion
of these factors in metric perturbations, or we can do it more directly:

[

=14+[——1 + [ — + 1 -y
Vg =1+15 1 B 6 TARY, . U

A “cosmological constant” term would enter the action simply as / \/§ X constant

Thus a “cosmological constant” term would introduce a corresponding 1-point function
because we are expanding around a Euclidean background rather than the more natural

de Sitter background.

22



n-point expansion of the kernel

We wish to calculate the n-point functions of the kernel, which is contains an expansion
In covariant derivatives.

To get the linear part in metric perturbations, we first calculate the result, H, of using just
the linear term in the derivative expansion:

(=V2)(p,r)T?° (—r) = H* 5 * (p, 1) T (—1)hap(p) -

We then generalize to any order in the derivative expansion:

(=V2)" p,r)TP (1) = (Ip— )" H* s 77 (p, ) (r?)' T (=) hap(p) -
1=0
The sum is over terms in a geometric series, which goes like
n
n—i P T)z(nﬂ) — s
> ([p—r]?)" (r = —
= (p R

Finally, we add up all orders of the expansion

A(=V2)(p, )T (—r) = = (pp__rfrlz) — ) 8 7 (o, T (1) s ).

23



Transverse 2-point structures

The kinetic term gives us transverse 2-point functions. We wish to use diffeomorphism
iInvariance to constrain what 2-point functions we have. We start with the most general
structure with two derivatives:

Sé@nmnwnutzzj[dp (alhpzh—kagha5p2haﬁ—Faghpapghaﬂ—Fa4ha5papyhéi).
We require the linearized diffeomorphism transformation to be zero:
0 = da1hp’p- &+ 4a2h®p’pads + 2a3hp’p - €

+2a3h* pappp - € + 2a4h*Pp’pas + 2a4h* papgp - €.

This gives us one unique structure, which corresponds to the Einstein-Hilbert action:
a1 = —ag = —as/2 = ay4/2.

But what if we allow for four or more derivatives? The most general structure with four
derivatives is

Sliz—)momenta — /ap (blhaﬁp4ha6 =5 bzhp4h =E b3haﬁp2pap@h

+b4h*’ p’papyhg + b5h‘*5pap5p7p5h”5) oh



Transverse 2-point functions

Again, we set the linearized diffeomorphism transformation to zero:

0 = 4b1h*Pp*pals + 4bohp®p - € + 2b3h*Pp*papgp - €
2shp*p - € + 2b4h°Ppipats + 204 PpPpapsp - €

+4bsh*? p*papsp - €.
This requires that b5 — bl ST bg, b4 — —251, and bg — —252,

giving us two linearly independent structures

282 = hHvpih ., — 204V p2p, ok + WY DD, p,pehP?,

25152) — hp*h — Qh“”pzpﬂp,,h + h* 2P 0Pr Dl

The two transverse 2-point functions can be written in a factorized form:

SHVPT (_gy ) = (pz(;w(p _ o poo) (p25a>|v> 2 pa)plv)) )

S{P7 (—p,p) = (p?6* — p*p¥) (p°6°° — pPp?) .

25



Interpreting the 2-point functions

Increasing the number of derivatives further does not give us any new structures.

Consider a structure: 5(2) = CLS((LQ) —+ bSlgz).
a=2, b=0 corresponds to / \/gRuupaRuypaa
T

a =0, b =2 corresponds to / \/§R2,
I

1
a=b= 5 corresponds to /{E \/gRuyRuu,

1
—b = 92 corresponds to — /33 VIR.

p

The quadratic terms are related by the Gauss-Bonnet topological invariant:

1 Vpo 174
e /M (R.osBP4P° — AR, RESSSIEA

a

26



Ward identities for the action

Recall the diffeomorphism transformation for a metric perturbation in position representation:
A
ofves — 2@ h))\(aag)f I .

We can write the variation in momentum representation as
10hap(P) = 2pép) + /dp' dk'6(p —p' — k) (21?'(&%)/\(’5')@(1?') (o) k,hozﬁ(k/)) :
The Ward identities follow from requiring diffeomorphism invariance of the action:

n
2p1M18u1V1...MnVn(p1’... 7pn) =8 _ZWZi{pglgu2y2munyn(pl _|_p27p37,,, 7pn)
1=2

_2p1a51/1(VQS/JQ)OUJJ?»VB,-../JnVn (pl _|_p27p37 o s e 7pn> }7

n
where momentum conservation is assumed: D; = 0
E ey

=
and 7T9; is the transposition operator that swaps the labels “2” and “i” in all

§ ol 27
Lorentz indices and momenta



Differential Ward i1dentities

For the case where one momentum is zero (tadpoles), the Ward identities directly give
us the form of the (n+1)-point functions in terms of the n-point functions. We set one of
the momenta to be vanishing:

(Do, P1,D2," "+ yPn) = (€, 01 — €, D2, ,Dp).

Differentiating the Ward identity with respect to the vanishing momentum and
applying momentum conservation, we get:

mn
_2Saﬁu1V1"'/~Lnl/n(O,p1,... 7pn) Y (szﬁa’ta 5a6) Sulylmunljn(plf" 7pfn,>
3=

+227T1i §P 1 G )apiava: fintn (1, ,0n)-
=1

Tending all momenta to zero gives us the Ward identities for momentum-independent
parts of the action:

QSHIVA Hnln (()) = FH1VL GH2V2" finVn () — 9 Z To; 5V1(V28u2)u1u3V3---unvn(
i—2

0).
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Deriving Ward identities for the kernel

The kernel diffeomorphism transforms as the two-argument generalization of a tensor:

"EfKﬁWPJ(:U?y) = &(z) - achWpa(ﬂ?a y) + SR ayKqua(ma Y)
+2K 5 (1o (@, 1) 021 EN(@) + 2K un () (@, ¥) Oy ) E7 (9),

The kernel transforms in momentum representation like

10K po(gsm) = —€(0') (@0 + ) Kuvpo(p' +q,7) = @) - (0" + 1)K pvpo(q,0" + 1)
+2£)\ (p,)p/(uKV)Apo (p/ T g, T) - QSA(p/)p,(mKuma))\(q?pl Iy T)'

The kernel can be written in momentum representation as an expansion in
metric perturbations:

Kyvpo (4,7) = Kpwpo (@5 7) + /dl% 5(p1 +q+ 1)KL, (D1, 67y s, (P1) + -

Taking into account also the transformation of the metric perturbations, we can derive
an overall set of Ward identities for the kernel...

29



Ward identities for the kernel

The resultis QPWICVéalﬁl anﬁﬁupa (p, P1, " yPn,4q, T) =

_(p ) ]Calﬁl anﬁzl/pa(plv"' 7pn7q_|_p,7’r)
_(p g T) ]Calﬁl anﬁtl,upa(plv "y Pny 4T _l_p,)
_{_25)\529/(1”]Calﬁl---anﬁn|y)>\pa(pl7 o —|—p/,’l“)

)\5 rlnMn
+2630pl OB anbn (T
—Zml {p Korh1 O‘”B"’ng(p i D2 % 7pn7Q7T)

o) A Oy, B
_|_2p’>\5 (Oéllclﬁl) a2 B2--on 3 ,uypg(p, _|_ p17p27 AR ,prr“ qj fr)} )
The momentum-independent part satisfies

]Cvéalﬁl...anﬁnwpa(g) = __5’75/Ca1ﬁ1 anﬁzyw(m

) 101 CnPn
_|_5>\(’75) /C B 6|U))\pa(Q)

_1_5>\(’Y55) ]Calﬁl anﬁzy|a)>\ (Q)

—Zn:m {s0lescpld-antn, )], s



2-point flow equation: Weyl Scheme

Consider the effective action in \Weyl scheme, this time using a fixed background:

S = 2/ V9 (RogCRRBERESRC R + - - ),

where c is the cutoff function. The 2-point function is
. i1 )
807 (p, —p) = ¢ 1879 (p, —p) + (1 + 45) ¢ ' 5, (p, —p),

which solves the 2-point flow equation provided that (C_l) = —p4C_2A,

and 5(c=1) = —p*c 2 A 451 +35)° + (1 + 25)(1 + 65)] .

This is solved by A (p2) = —C (p2) ;

31



2-point flow equation: Einstein scheme

Let us now consider an effective action that begin with the Einstein-Hilbert term:

S 2/[( T d(_v2 R* + 2R N R+
3 2w A2 Lt > e > |
A A A A A
We choose J = -1/2 so that the entire expression uses the same transverse projector,
the flow equation then requires only that

d O 1\ -
o (1) o)

Alternatively, j = -1/3 would have given us the same constraint, but then the 2- and
(4+)-derivative terms would use different transverse projectors.

We can then write the “effective propagator” as
4 2

e e L p 2 4
ARSF—30 .dAz—pc A2
1 p2

So we have the familiar form A - ——

p2 F . 32




Comments on additional regularization

Remembering that SU(N|N) regularization is required for gauge theories, it is
natural to suggest a similar Pauli-Villars regularization for gravity.

The metric would be appended with wrong-statistics fermionic components, so the
invariant interval is

ds® = da:AgABdacB,

where we would also use Grassmann coordinates:

= (zH,0%).

This gives us D? fermionic degrees of freedom:  Ypua — —YGapu-

These cancel bosonic degrees of freedom, of which there are D(D+1)/2 from
the symmetric original metric, Juvs

and D(D-1)/2 from the new bosonic (antisymmetric) part, qb -
Cancellations between fermionic and bosonic modes in the UV would be used to

provide the additional regularization. A spontaneous symmetry breaking would be
required to decouple the extra degrees of freedom at the cutoff scale. o



Summary

* The manifestly diffeomorphism invariant ERG is based on
a generalization of the Polchinski flow equation for gravity.

* There is no need for gauge fixing or BRST ghosts. All
results are independent of coordinates.

* |t has both fixed-background and background-independent
versions that give consistent results.

* We developed the formalism at tree-level and can exactly
solve for n-point vertices iteratively, starting at the 2-point
level.

* \WWe have suggested how to proceed with the quantum
construction.
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