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Motivation

I JHEP 1606, 115 (2016) (N. Ohta, R. Percacci, A. D. Pereira)∫
Dγµνe−S[g(γ)],

∫
Dγµνe−S[g(γ)]

γµν = gµν(
√

det gµν)−
m

1+dm , γµν = gµν(
√

det gµν)
m

1+dm

gµν = γµν(det γµν)m, gµν = γµν(det γµν)−m

I Not invertible for m = −1/d . Unimodular point: det gµν = 1.

I The divergences are invariant under a Z2 ”duality” transformation
between γµν and γµν .

2 / 18



Motivation

I Unimodular Gravity (UG) : Cosmological constant as an
integration constant.

I QUG
?
= QGR (Gravity only)

I Claim: QUG = QGR with UG as a SDiff theory.
(like O(n) and SO(n))
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1 loop GR review

I ~ = 0

Gµν + Λgµν = 8πG
(d)
N Tµν

SDiff =
1

16πG
(d)
N

∫
ddx
√
−g (R − 2Λ) + Sm

Tµν = − 2√
−g

δSm
δgµν

I ~ = 1

ZDiff =

∫
Dhµν e−SDiff (ḡµν+hµν)

δhµν = ∇̄µεν + ∇̄νεµ

R̄µν =
1

d
R̄ḡµν (Λ = 0)
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1 loop GR review

I Decomposition:

hµν = hTT
µν + ∇̄µξν + ∇̄νξµ +

(
∇̄µ∇̄ν −

1

d
ḡµν∇̄2

)
σ +

1

d
ḡµνh

εµ = εTµ + ∇̄µφ

I Transformations:

δhTT
µν = 0, δξµ = εTµ , δσ = 2φ, δh = 2∇2φ

I One obtains:

ZDiff =

(∫
DξTµDσDet1/2∆L0

)
e−S0

Det1/2(∆L1 − 2R̄
d )

Det1/2(∆L2 − 2R̄
d )
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1 loop GR review

I The volume of Diff ’s:

V (Diff ) =

∫
Dεµ =

∫
DεTµDφDet1/2∆L0

I Identification:
ξµ ↔ εTµ , σ ↔ φ

I One obtains:

ZDiff = V (Diff )e−S0
Det1/2(∆L1 − 2R̄

d )

Det1/2(∆L2 − 2R̄
d )
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SDiff ’s

I Definition:

SDiff : ∇µεµ = 0, (∇̄2φ = 0)

I The volume of SDiff ’s:

V (SDiff ) =

∫
Dεµδ(∇µεµ) =

∫
DεTµDet−1/2∆L0

I Identification:

h↔ ∇̄2φ ⇒ V (Diff ) = V (SDiff )

∫
Dh

I V (Q) =
∫
Dh, Q = Diff /SDiff = space of volume forms.
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QUG as a SDiff theory

I By definition:

δSDiff det g = 2 det g∇µεµ = 0 (gµνδgµν = 0)

I The volume form:

Vold =
√
− det g︸ ︷︷ ︸

Covariant under Diff ′s.
Invariant under SDiff ′s

dx0 ∧ dx1 ∧ . . . ∧ dxd−1
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QUG as a SDiff theory

I Exponential Parametrization:

gµν = ḡµρ
(
eh
)ρ
ν

I The volume form:

Vold =
√
− det ḡ etrhdx0 ∧ dx1 ∧ . . . ∧ dxd−1

I We choose: hµν = hTµν .

I This is consistent with the identification h↔ ∇̄2φ. Recall that for
SDiff ’s ∇̄2φ = 0.
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QUG as a SDiff theory

I We define the action (ω is fixed):

SUG = SSDiff =
1

16πG
(d)
N

∫
ddx ωR + Sm

I ~ = 1

ZSDiff =

(∫
DξTµ

)
e−S0

Det1/2(∆L1 − 2R̄
d )

Det1/2(∆L2 − 2R̄
d )

1

Det1/2∆L0

= V (SDiff )e−S0
Det1/2(∆L1 − 2R̄

d )

Det1/2(∆L2 − 2R̄
d )

I ZDiff = ZSDiff
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Hamiltonian analysis of UG

I gµν = ηµν + hµν
I UG Lagrangian = Fierz-Pauli Lagrangian with h = 0

LUG = −1

2
∂αhµν∂

αhµν + ∂αhµ
α∂βh

µβ−∂αhµα∂µh +
1

2
∂αh∂

αh

I Decomposition of hµν , εµ

h00 = −2φ

h0i = vi = vT
i + ∂iv

hij = hTT
ij + ∂iζj + ∂jζi +

(
∂i∂j −

1

d − 1
δij∂

2

)
τ +

1

d − 1
δij t

εµ = (ε0, ε
T
i + ∂iε)

I h = 0 implies that 2φ+ t = 0.
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Hamiltonian analysis of UG

I Dirac-Bergmann algorithm

GR UG

d Primary Constraints d − 1 Primary Constraints
d Secondary Constraints d − 1 Secondary Constraints
0 Tertiary Constraints 1 Tertiary Constraint

2d First class constraints (FCC) 2d − 1 First class constraints

I D.o.f in d = 4

GR UG

(q, p) 2× 10 2× 9

FCC 8 7

D.o.f = (q, p)-2 FCC 2+2 2+2
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I ~ = 1

Z =

∫
Dq′sDp′s detM δ(φ′s) δ(χ′s) e−S[q′s,p′s]

Mab = {φa, χb}, φ′s = FCC, χ′s = Gauge conditions

I We have

detMGR = (det2)2, detMUG = (det2)3

φGR 6= φUG

I Nevertheless: ZDiff = ZSDiff = (det2TT )−1/2 .
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Classical UG

δSUG =
1

16πG
(d)
N

∫
ddx ω(Rµν − 8πG (d)θµν)δgµν , (gµνδg

µν = 0)

Rµν − 8πG (d)θµν = ψgµν , θµν =
−2

ω

δSm
δgµν

ψ = ψ̃ + 8πG (d)f , Tµν = θµν + f gµν such that ∇µTµν = 0

Rµν − 8πG (d)Tµν = ψ̃gµν ⇒ Rµν −
1

d
gµνR = 8πG (d)(Tµν −

1

d
gµνT )
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Classical UG

Rµν −
1

d
gµνR = 8πG (d)(Tµν −

1

d
gµνT )

∇µRµν −
1

d
gµν∇µR = −8πG (d)

d
gµν∇µT , ∇µGµν = 0

∇µ
(
d − 2

2d
R + 8πG (d)T

)
= 0

Then
Gµν + Λgµν = 8πG

(d)
N Tµν

Λ as an integration constant.
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UG as a Weyl invariant theory

S =
1

16πG
(d)
N

∫
ddx
√
−gR

gµν = γµν

(
|γ|
ω2

)−1/d

SUG = ZN

∫
ddx |γ|1/dω

d−2
d

[
R[γ] +

(d − 1)(d − 2)

4d2

(
|γ|−1∇|γ| − 2ω−1∇ω

)2
]

16 / 18



UG and the Cosmological Constant Problem

GR =

{
Gµν + Λgµν = 8πG

(d)
N Tµν

SDiff = 1

16πG
(d)
N

∫
ddx
√
−g (R − 2Λ) + Sm

UG =

{
Gµν + Λgµν = 8πG

(d)
N Tµν

SDiff = 1

16πG
(d)
N

∫
ddx ωR + Sm

SDiff ⊃ −
∫

ddx
√
−g(2Λ + V (φ))

SSDiff ⊃ −
∫

ddx ωV (φ)
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Thank you
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